HOPF MONOIDS OF ORDERED SIMPLICIAL COMPLEXES
FEDERICO CASTILLO, JEREMY L. MARTIN, AND JOSE A. SAMPER

ABSTRACT. We study Hopf classes: families of pure ordered simplicial complexes that give
rise to Hopf monoids under join and deletion/contraction. The prototypical Hopf class is
the family of ordered matroids. The idea of a Hopf class leads to a systematic study of sim-
plicial complexes related to matroids, including shifted complexes and broken-circuit com-
plexes. We compute the Hopf antipodes in two cases: facet-initial complexes (which gener-
alize shifted complexes) and unbounded ordered matroids. The latter calculation uses the
topological method of Aguiar and Ardila, complicated by certain auxiliary simplicial com-
plexes that we call Scrope complexes, whose Euler characteristics control the coefficients of
the antipode. The resulting antipode formula is multiplicity-free and cancellation-free.

1. INTRODUCTION

1.1. Background: Matroids and combinatorial Hopf theory. The study of Hopf algebras
and related structures in combinatorics dates back to the seminal work of Rota in the
1970s, notably his work with Joni [30] on coalgebras and bialgebras. The underlying idea
is simple: joining and breaking of combinatorial objects — graphs, trees, posets, matroids,
symmetric and quasisymmetric functions — are modeled algebraically by multiplication
and comultiplication. Major works include Schmitt’s study of incidence Hopf algebras
[41] and Aguiar, Bergeron and Sottile’s theory of combinatorial Hopf algebras [2], as well
as the monograph by Grinberg and Reiner [28]. More recently, the subject has turned in
a more category-theoretic direction with the introduction of Hopf monoids by Aguiar and
Mahajan [3]; a survey of the subject appears in [1]. Broadly speaking, a Hopf algebra
is generated by unlabeled combinatorial objects while a Hopf monoid is generated by
labeled objects, so the latter keeps track of more information.

Here is a brief working definition of a Hopf monoid. A wvector species is a functor H
from finite sets I with bijections to vector spaces H[/] with linear maps; one should think
of H[I] as the space spanned by the set h[/| of combinatorial objects of a given type
labeled by I (for example, graphs with vertices I or matroids on ground set I). A Hopf
monoid in vector species is a vector species H equipped with linear maps psr : H[S] ®
H[T| — H[I] (product) and Agr : H[I] — H[S] ® H[T'] (coproduct) for all decompositions
I = S 1 T; the maps must satisfy certain compatibility conditions. A connected vector
species (dim H[| = 1) has antipode maps s; : H[I| — H[I] given by the Takeuchi formula
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[1, Defn. 1.1.11], [3, Prop. 8.13]:
A= > ()MpaoAg. (1.1)

AeComp(I)
The antipode can also be defined via commutative diagrams [3, Defn. 1.15]. Every group
algebra is a Hopf algebra in which the antipode is (the linearization of) inversion in the
group [28, Ex. 1.31], [3, p.88], so the antipode can be regarded as a generalization of
group inversion. The Takeuchi formula, typically exhibits massive cancellation, so one
of the fundamental problems in studying a given Hopf algebra or monoid is to give a
cancellation-free formula for its antipode.

The Hopf algebra of matroids was introduced by Crapo and Schmitt [20, 21, 22]. The
corresponding Hopf monoid was described by Aguiar and Mahajan [3, §13.8.2] and has
attracted recent interest; see, e.g., [9, 11, 48]. There are many definitions of a matroid
(see, e.g., [38, Section 1]), but for our purposes the most convenient definition is that
a matroid is a simplicial complex I' on vertex set I such that the induced subcomplex
IS ={ocel': o< S}ispureforevery S < I (i.e., every facet of I'|S has the same size). In
fact the following condition, which we call link-invariance, is equivalent: for every S < I,
all facets of I'|S have identical links. (Recall that the link of a face in a simplicial complex
is defined as linkp(p) = {c € ': 0 np = &, 0 U p € I'}.) This characterization of matroid
complexes appears to be new (Theorem 2.6).

Link-invariance is crucial to the definition of the Hopf monoid Mat of matroids: prod-
uct is given by join (which corresponds to direct sum of matroids) and coproduct by re-
striction/contraction. Specifically, for matroids I';, I's, I on ground sets .S, T, I one defines

psr(l,Te) =T« Ty = {01 U oy : 1€l 09 €y},
Agr(T) =T|S®T/S
where I'/S = linkr(y) for any facet ¢ € I'|S. Since link-invariance characterizes matroid

complexes, no larger subspecies of the species SC of simplicial complexes can be made
into a Hopf monoid in this way.'

(1.2)

1.2. Ordered simplicial complexes. One of the goals of our work is to use combinatorial
Hopf theory to study pure simplicial complexes that generalize or behave similarly to
matroids, or that exhibit similar behavior. Two well-known examples of such classes
include pure shifted complexes [31] and broken-circuit complexes of matroids [18]. However,
as we have just seen, there are two major difficulties to defining a Hopf structure on
any species containing Mat. Difficulty 1, as mentioned above, is that link-invariance
characterizes matroids, meaning that Mat cannot be extended within SC. Difficulty 2 is
that even the class of pure complexes is not closed under restriction; indeed, the largest
class of pure complexes closed under restriction is precisely the set of matroid complexes.

To resolve these difficulties, we introduce a linear order w on the vertex set of I'. On
a technical level, we can now overcome Difficulty 1 by defining I'/S unambiguously as
the link of the lexicographically minimal facet of I'|.S with respect to w (following the ideas
of [40]). Introducing an order on the ground set is actually quite natural in the context of

'Benedetti, Hallam and Machacek [13] considered a different Hopf structure on simplicial complexes,
motivated by an analogous Hopf structure for graphs, in which product is given by disjoint union rather
than join. Note that the disjoint union of matroids is in general not a matroid.
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matroids and related structures. Matroids are characterized by uniform behavior in many
ways with respect to all possible ground set orderings, while both shifted complexes and
broken-circuit complexes (as well as the special class of matroids known as positroids;
see [8]) are controlled strongly by linear orderings of their vertex sets. As discussed in,
e.g., [29, 40], it would be convenient to extend matroids to a larger class of complexes to
facilitate various inductive arguments. As one example, one would like to attack Stan-
ley’s notorious conjecture on pure O-sequences [43, Conjecture II1.3.6] by induction on
the number of bases. Removing a basis does not in general preserve the property of being
a matroid complex, but it may preserve membership in a larger class. Another motiva-
tion for extending matroids arises in the theory of combinatorial Laplacians of simplicial
complexes. The Laplacians of matroid complexes [35] and shifted complexes [25] are
known to have integer eigenvalues and satisfy a common recurrence relation [23], rais-
ing the question of determining the largest class of simplicial complexes satisfying the
recurrence.

Thus we are now looking for Hopf monoids in species whose standard bases are tensors
w®I', where w is a linear order on the vertex set of the simplicial complex I'. That is, these
species are subspecies of a Hadamard product of linear orders with SC, with product and
coproduct of simplicial complexes defined as just explained. (For more information on
Hadamard products, see [3, §8.13.1] and [4].) There are two basic Hopf monoid structures
on the species of linear orders, called L and L* in [3, Examples 8.16 and 8.24]. The product
in L is given by concatenation, while in L* it is shuffle product.

The shuffle product is much better for our purposes, for several reasons. First and
most importantly, the coproduct Ag, in L* is nonzero only on linear orders w in which
every element of S precedes every element of 7. This resolves Difficulty 2: rather than
requiring that I" be a matroid, we need only require that it be prefix-pure, that is, that
every subcomplex induced by an initial segment of w is pure. (This is in practice a mild re-
striction; many classes of complexes of interest, including broken-circuit complexes and
pure shifted complexes, are prefix-pure.) Second, shuffle product (but not concatena-
tion) is commutative, meaning that the inherent commutativity of join is preserved in the
Hadamard product. Third, using L* rather than L turns out to be a more natural choice
from the geometric viewpoint that we will describe soon.’

Accordingly, we define a Hopf class as a class of ordered complexes that is closed
under initial restriction, initial contraction, and ordered join. All the Hopf classes we will
consider in this paper consist of prefix-pure complexes. Our main results about Hopf
classes are as follows.

Theorem 1.1. (Proposition 3.4 + Theorem 3.16) Every Hopf class H gives rise to a commutative
Hopf monoid H that is a vector subspecies (though not a Hopf submonoid) of L* x SC. Moreover,
the Hopf class PRE of prefix-pure ordered complexes is the largest Hopf class all of whose members
are pure complexes.

The Hopf product and coproduct on H are given in (3.3a) and (3.3b).

Theorem 1.2. (Section 3.2) The following collections (among others) are Hopf classes of prefix-
pure ordered complexes.

20n the other hand, positroids are closed under contractions and restrictions [8, Prop. 3.5], but only
under join if the orders are concatenated rather than shuffled.
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(1) Ordered matroids;

(2) Strongly lexicographically shellable complexes, i.e., those for which every ordering on the
ground set induces a shelling order on every restriction to an initial segment;’

(3) Broken-circuit complexes and their contractions;

(4) Pure shifted simplicial complexes and their joins;

(5) Color-shifted complexes in the sense of Babson and Novik [10];

(6) Any complex in a quasi-matroidal class in the sense of [40];

(7) Gale truncations of ordered matroids.

The known inclusions between these Hopf classes are shown in Figure 2.

The condition of prefix-purity actually appears (without a name) in the work of Bry-
lawski [18, p. 430] on broken-circuit complexes. There it is observed that matroids are
strictly contained in the class of (reduced) broken-circuit complexes, which in turn are
strictly contained in prefix-pure complexes.

In the course of this work, we have checked computationally that there exists simpli-
cial complex (Lockeberg’s simplicial 3-sphere) that is shellable but not lexicographically
shellable under any order (Remark 3.6). We believe this observation to be new.

1.3. Polyhedra. Having developed a purely algebraic and combinatorial theory of Hopf
monoids of ordered simplicial complexes extending matroids, we now move to geometry.
Every matroid M has an associated base polytope p,; defined as the convex hull of the char-
acteristic vectors of its bases (and thus contains all the data of M). A far-reaching result
of Gelfand, Goresky, MacPherson and Serganova [27, Thm. 4.1] states that a polyhedron
p = R¥ is a matroid base polytope for some matroid on F if and only if p satisfies the
following three conditions:

(M1) p is bounded;

(M2) p is an 0/1-polyhedron, that is, the coordinates of all vertices consist entirely of
0/1 vectors;

(M3) Every edge of p is parallel to some e; — e;, where {e;},cx is the standard basis of
RE. Equivalently, the normal fan of p is a coarsening of the fan defined by the braid
arrangement.

Conditions (M1) and (M3) define the class of generalized permutohedra, an important fam-
ily of polytopes introduced under that name by Postnikov [39] and equivalent to the
polymatroids studied by Edmonds [26]. (See [1, Remark 1.3.10] for further discussion of
related notions.) Generalized permutohedra form a Hopf monoid GP that was studied
intensively by Aguiar and Ardila [1]; in particular, the antipode of a generalized permu-
tohedron p has an elegant formula [1, Thm. 1.6.1] in terms of the faces of p. The Aguiar-
Ardila formula is both cancellation-free (all summands are distinct) and multiplicity-free (all
coefficients are +1).

This theory carries over with little change to the family of extended generalized permu-
tohedra, or possibly-unbounded polyhedra satisfying condition (M3). Moreover, the map
M — p); identifies Mat with a Hopf submonoid of GP. Meanwhile, every polyhedron
p that satisfies (M2) and whose vertices have fixed coordinate sum gives rise to a pure

3This definition of lex-shellability is not to be confused with CL- or EL-shellability of the order complex
of a poset as in, e.g., [15, 17].
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simplicial complex Y(p), its indicator complex, whose facets are the supports of vertices
of p.

Accordingly, we next study Hopf monoid structures on species of more general ordered
polyhedra than matroid base polytopes. (Here “ordered polyhedron” means “polyhe-
dron whose ambient space is equipped with a linear order on its coordinates.”) We first
replace GP with GP*, the Hopf monoid of extended (i.e., possibly unbounded) general-
ized permutohedra; see [1, §1.4.5]. We do not wish to drop (M3) which is fundamental to
the structure of matroid polytopes. In fact, GP™ cannot be extended to any larger Hopf
monoid of polyhedra with the same product and coproduct [1, Thm. 1.5.1], so we really
are restricted to subspecies of L* x GP7; that is, whose basis elements are tensors w ® p,
where p is an (extended) generalized permutohedron in R’ and w is a linear order on I.
On the other hand, it is possible to drop one or both of conditions (M1) and (M2) to get
interesting Hopf monoids of ordered polyhedra that generalize matroid polytopes.

Theorem 1.3. (Theorem 5.2 + Theorem 4.5) The following relaxations of the conditions (M1) and
(M2), while retaining (M3), produce Hopf monoids:

(1) Retaining (M2) but dropping (M1) yields the species OIGP™ < L* x GP™, of ordered
0/1 extended generalized permutohedra. The map sending a polyhedron to its in-
dicator complex gives rise to a Hopf morphism T : OIGP* — Pre. The image is a
Hopf monoid OMat™ that arises from a Hopf class OMAT™ of complexes that we call
unbounded matroids.

(2) Retaining (M1) but dropping (M2) yields the Hopf monoid OGP of ordered generalized
permutohedpra, which is just the Hadamard product L* x GP.

(3) Dropping both (M1) and (M2) yields the Hopf monoid L* x GP™, which contains the
submonoid OGP™ < L* x GP™ spanned by pairs w ® p such that p is bounded in the
direction defined by w.

Two different 0/1 polyhedra can have the same indicator complex. This implies that
the map T : OIGP™ — Pre mentioned above has a nontrivial kernel.

1.4. Antipodes. Having constructed a large family of Hopf monoids, we now wish to
compute their antipodes by simplifying the general Takeuchi formula (1.1) to a cancellation-
and multiplicity-free expression. We focus our attention on the special cases of shifted
complexes and ordered generalized permutohedra.

In Section 6, we first focus on the class of ordered simplicial complexes that are facet-
initial, i.e., whose lex-minimal facet is an initial segment of the order. This condition is
much milder than being shifted, and in fact is enough to expand the Takeuchi formula
and track most or all of the cancellation. The results may be summarized as follows:

Theorem 1.4. (Theorem 6.3 + Section 6.3)

(1) Equation (6.5) gives a simple (but not entirely cancellation-free) formula for the antipode
of a facet-initial ordered complex.

(2) For a shifted complex without loops or coloops, the formula (6.5) is cancellation-free.

(3) Equation (6.11) gives a cancellation-free (but more complicated) antipode formula for facet-
initial complexes. In particular, every coefficient in the antipode of a facet-initial complex
is £1.

5



(4) For a shifted complex T, equation (6.13) gives a slightly less complicated cancellation-
free formula for the antipode. Moreover, each term in this formula can be interpreted
geometrically as a face of a matroid polytope, for any matroid containing I' as a subcomplex.

In Section 7, we compute the antipode in the Hopf monoid OGP of ordered extended
generalized permutohedra, and thus for its Hopf submonoid OMat of ordered matroids.
In general it is difficult to compute the antipode of a Hadamard product even if the an-
tipodes of the factors are understood; see [3, §8.13] for further discussion of the problem.
Our argument is inspired by the topological approach of Aguiar and Ardila: expand the
Takeuchi formula in the standard basis for OGP, interpret each coefficient as the Eu-
ler characteristic of a simplicial complex obtained by intersecting some faces of the braid
arrangement with the unit sphere, then use geometric arguments (e.g., convexity) to ob-
serve that these complexes are topological balls or spheres. (This technique applies more
generally in the context of Hopf monoids relative to a hyperplane arrangement; see [5,
§7.7] and [6, §12.9].) However, the interaction between L* and GP™ produces consid-
erable unforeseen complications. In particular, some of the terms in the antipode are
governed by the Euler characteristics of certain auxiliary simplicial complexes that we
call Scrope complexes, generated by complements of intervals (see Section 7.1). A simple
inductive argument (Proposition 7.2) shows that every Scrope complex is a homotopy
ball or sphere, hence has Euler characteristic 1, 0, or —1; however, it is not clear how to
“see” the topological type of a Scrope complex from its list of generators. Nevertheless,
these complexes enable us to track all the cancellation in the Takeuchi formula.

Theorem 1.5. (Theorem 7.14) The antipode of the Hopf monoid OGP ™ is given by the multiplicity-
free and cancellation-free formula (7.6).

In light of Theorems 1.4 and 1.5, we make the following conjecture.

Conjecture 1.6. (Conjecture 6.1) The antipode for the Hopf monoid of the universal Hopf class
PRE is multiplicity-free when expressed in the standard basis (i.e., all its coefficients are +1).

The organization of the paper is as follows.

Section 2 reviews background material on simplicial complexes, matroids, generalized
permutohedra and Hopf monoids. A reader familiar with the literature (particularly [3]
and [1]) may wish to skip this section and refer to it as needed. Section 3 defines the main
objects of study: Hopf classes of ordered complexes. We give numerous examples and
show how Hopf classes give rise to Hopf monoids. Section 4 defines the Hopf monoids
OGP and OGP™ of ordered (extended) generalized permutohedra, which extend OMat
and enable us to study it geometrically on the level of ordered matroid polytopes. Section
5 describes the new class of unbounded matroids, defined as ordered simplicial com-
plexes obtained from 0/1-generalized permutohedra that are not necessarily bounded.
Sections 6 and 7 contain the antipode formulas for facet-initial complexes and ordered
generalized permutohedra, respectively. Section 8 studies antipodes of special classes of
generalized permutohedra for which the Scrope complexes can be understood explicitly.
These polyhedra include hypersimplices (Proposition 8.4) and certain graphical zono-
topes (Proposition 8.5); notably, in both of these cases, the Scrope complexes arise from

certain spider preposets. Section 9 concludes with several open questions.
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2. BACKGROUND AND NOTATION

For the sake of brevity, we will assume the reader is familiar with the combinatorics of
simplicial complexes [43], preposets [39], polytopes [49], hyperplane arrangements [44],
generalized permutohedra [39], and Hopf monoids [1, 3]. Throughout, we will adhere to
the notational conventions in the following table.

Object Font Examples

Set compositions Roman capital letters AD,...
Albums (families of set compositions) Sans-serif capital letters E, F, ...

Fans Calligraphic letters E,F, ...
Simplicial complexes Capital Greek letters I, ...
Polytopes Fraktur p,q, ...

Hopf monoids in set species Boldface lower-case L, ...

Hopf monoids in vector species Boldface upper-case L, Mat, GP, ...

The symbol < always denotes the natural order on R; other partial orderings are de-
noted by symbols such as < and <. The symbol « denotes the end of an example.

2.1. Simplicial complexes. We assume familiarity with the basic combinatorics of sim-
plicial complexes; see, e.g., [43, §0.3]. For any non-void pure simplicial complexI" on I of
dimension d, we define the indicator polytope pr = R’ to be the convex hull of the indi-
cator vectors of the facets of I". Conversely, for any 0/1-polyhedronp = {z e R' : >, z; =
r} < R/, its indicator complex Y(p) is defined as the pure simplicial complex generated
by the supports of the vertices of p. In general Y (pr) = I for all simplicial complexes T’,

but py) = p if and only if p is a polytope. For later use, we remark translated poset
cones can have the same apex and be different 0/1-polyhedra with identical indicator
complexes.

If I'y, I'y are simplicial complexes on vertex sets 1, I, then the join I'y #I'y is the complex
on [, u I defined by

Ii#Dy={nur: nely, ynels} (2.1)
(Here and subsequently I; L I, means the set-theoretic disjoint union, or equivalently the
coproduct in the category of sets.) At the level of polytopes we have

Pry X Pry = Projar,. (22)

2.2. Set compositions, preposets, and the braid fan. Let S be a finite set. A set com-
position A = A|---|A; of S is an ordered list of nonempty, pairwise-disjoint subsets A,
(blocks) whose union is S. The symbol Comp(S) denotes the family of all set compositions
of S; we abbreviate Comp(n) = Comp([n]) and write A F S to indicate that A € Comp(S5).
In this notation, the vertical bars are called separators. We typically drop the commas and
braces, e.g., writing 14|256|3 rather than {1,4}|{2,5,6}|{3}. The order of elements within
each block is not significant. A family of set compositions of S (i.e., a subset of Comp(.5))
is called an album.

The set Comp(n) is partially ordered by refinement: A > B means that every block of
B is of the form A; U A;41 U --- U A, U A;. Equivalently, B can be written by removing
zero or more separators from A: e.g., 14|2|5/67|3 > 14|25|367. The refinement ordering is

ranked, with rank function r(A) = |A| — 1, and has a unique minimal element, namely
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the set composition A, with one block. In fact, Comp(n) is a meet-semilattice, with meet
x <a.p yif z < yorz <py. Every permutation w € &,, gives rise to a set composition
with n singleton blocks, namely comp(w) = w(1) |w(2) | - -- |w(n).

A preposet () on S is given by a relation < on S that is reflexive (z <g z for all z € 5)
and transitive (if z <g yand y <g z, then x <g 2). Wewrite z < yif z < yand y £ x.
The notation z =¢ y means that both z < y and = >, y; this is evidently an equivalence
relation, whose equivalence classes are called the blocks of (). An antichain in () is a
subset T < S such that £ y for all z,y € T'. (Thus an antichain may contain more than
one element of a a block.)

The preposet () gives rise to a poset (/= on its blocks. If this poset is a chain, i.e.,
if either x < y or x > y for every =,y € S, then @ is a preorder. A linear extension
of a preposet () is a preorder R with the same blocks as () and such that z < y implies
x <p y for all z,y. A preorder R contains the same information as the set composition
A = Ay|---|Ag, where the A; are the blocks of R, and © <z y whenever z € A;, y € A;, and
1< .

The closure of a preposet () is the album

CQ = {AeComp(n) : iﬁQj = 1 <j j} (23)
The closure is an order ideal of Comp(n) under refinement, hence a sub-meet-semilattice.
In the case that () is a set composition, the closure is a Boolean poset.

Every set composition A F [n] is in bijection” with a relatively open face o, in the braid
arrangement 3,, with dim o, = |A|, namely

n . < . .fA .
ox ={(z1,...,2,) eR" : 2 = x; according as oA jts

In fact A > B if and only if 74 2 op (Where the bar denotes topological closure), so the
correspondence may be viewed as an isomorphism of posets. In particular, the maximal
faces o,, € B, correspond to permutations w € &,,. For each preposet (), the album Cg
corresponds to the closed subfan

CQZ{UAEBn: AECQ}

whose maximal faces correspond to the linear extensions of (). The closed subfans of B,
that arise in this way are precisely those whose union is convex. In addition,

CQ = UO‘A
A

where A ranges over all linear extensions of Q.

Let "2 be the intersection of the unit sphere in R" with the hyperplane z;+- - -+x,, = 0.
Thus ¥" 2 is an (n — 2)-sphere, with a polytopal (in fact, simplicial) cell structure whose
(open) faces are the intersections

Fa=Y""2nNo0x.

The facets correspond to permutations in &,,, the vertices correspond to the separators of
a set composition, and the empty face corresponds to the set composition A,. Thus, for

4This is the reverse of the convention from that used in [1, §1.3.5], where earlier parts of the set composi-
tion correspond to larger coefficients. Cf. Remark 4.3.
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any closed subfan F < B,,, we can interpret the quantity Y. _-(—1)°! as the reduced Euler
characteristic of the simplicial complex F = {5 : & € F}.
For example, let ) be the preposet on {1,2,...,8} whose quotient poset ()/= is shown

at left below. The simplicial complex on the right is C = $"~2 n Cp; the labels of its faces
comprise Cg. We have abbreviated the set compositions by, e.g., ac|bd = 167|23458.

d=8 a’b\c\‘d abc|d ac‘b|d ac|bd a\/c/]bd

ab|cd ab\c\d a|bed a\cd]b acd|b

Natural preposets and naturalization. Suppose that the underlying set S of a preposet () is
equipped with a linear (total) order w : S — [|S]]. A relation x <, y is called w-unnatural
if w(zr) > w(y). We say that () is w-natural if it has no w-unnatural strict relations (i.e.,
if w(z) > w(y) and = <¢g y, then in fact + =; y). Observe that a set composition is
w-natural if and only if it coarsens the set composition comp(w); in particular, its blocks
are intervals with respect to w. For a preposet (), there is a unique finest w-natural set
composition Ny = N, ¢ such that for every w-unnatural relation x < v, the interval
[y, 2]y = {z €5 : w(y) <w(z) <w(z)}is contained in a block of Ny. We say that Ny, is
the naturalization of () with respect to w.

Proposition 2.1. Let () be a preposet and let w be a linear order on its ground set. Then Co N
Ccomp(w) = CNw Q"

We omit the proof, which is straightforward.

2.3. Generalized permutohedra. Let p c R" be a polyhedron. For each x € R”, let A\« be
the linear functional on R" given by A\((y) = x - y, and let py be the face of p maximized
by A, if it exists. The normal cone of a face q < p is

Ny(q) = {xeR": px=q}.
This is a relatively open polyhedral cone of dimension n — dim q. The normal cones of

faces comprise the normal fan \,. The polytope p is a generalized permutohedron (GP)
if \V, is a coarsening of the braid fan B,,, that is, each normal cone is a union of braid faces.

Equivalently, every edge of p is parallel to e; — e;, where {ey, ..., e,} is the standard basis
of R". Every set composition A F n gives rise to a face py < p defined by
pa={xep: Ax) = Ay) VA€oa, y€p} (2.4)

If A is a maximal set composition (i.e., one with n blocks), then the braid cone o4 has full
dimension, hence is contained in a full-dimensional cone of N, so p4 is a vertex of p (and
all vertices arise in this way). Moreover, for each face q < p, the album

{AEn: oa = NJ(a)} ={AFn: pa=gq} (2.5)

consists precisely of the set compositions coarsening some preposet ) on [n], the normal

preposet of q. Often we will work simultaneously with a face q and its normal preposet @),
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which contain equivalent information. Notice that |Q| = n — dim(q). The definition of a
GP implies that normal cones of faces carry combinatorial structure. Accordingly, we
define the following fans and their corresponding albums:

Cqi={oa: oa S Ny(q)} ={oa: pa =a}, Co={A:oaeCt ={A: pa =g},
Cq={oa: oa S Ny(a)} = {oa: pa 24}, Co={A:oaeCy} ={A: pa24q},
0Cq = Cq\Cq ={oa: pa 24}, 0Cq = Co\ (g ={A: pa 24}

In particular, C, = C; is the (n — dim p)-dimensional vector space of functions that are
constant on p, and 0C, = . In the “full-dimensional” case dimp = n — 1, the space C, is
just the line o,,,.

The definition of Cg, is consistent with (2.3). The following lemma gives the geometry-
combinatorics dictionary explicitly. For A € C, we say that A collapses a relation of Q if
some block of A contains elements x, y for which z <¢ y.

Lemma 2.2. Let () be a preposet. Then

0Co = {A e Cqy: A collapses some relation of )},
o = 1A € Cq: A collapses no relation of Q}.

Proof. The two claims are equivalent by (2.3), and the description of 0C, is equivalent
to [39, Prop. 3.5(2)]. O

Example 2.3 (A cone). Consider the polyhedron

pZ{X=($1,$2,$3,$4>ER42133<3, $4<4, $2+$4<6, $1+l’2+$3+l’4=10},

(2.6)
which is a three-dimensional simplicial cone with vertex (1,2, 3,4) and rays in directions
e; — e3, € — ey, and e; — e;. The normal cone of the vertex is the cone given by the
inequalities 1 < z2 < 74 and z; < x3. This cone is subdivided by three braid cones
as shown in Figure 1. For instance, 1|24|3 is in the boundary (since 2,4 are comparable)
while 1]2|34 is in the interior, (since 3,4 are incomparable).

1243 1)234

2(134 1234

FIGURE 1. The normal fan of the cone in Example 2.3.

<

Note that C; and C, are (closed) simplicial subcomplexes of ¥"~2, homeomorphic to
Br—dima=2 and S"~4ima=3 regpectively.
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Remark 2.4. For every proper face q c p, the origin is a vertex of C;, hence of dC,. There-
fore, Aq € Cj if and only if q = p. More generally, C; is the space of linear functionals that
are constant on p; this is a vector space of dimension n — dim p. Also, if q;, g, are faces of
p, thenq, € gy if and only if C;, 2 Cy,.

An extended generalized permutohedron (EGP) [1, Defn. 1.3.8] is a polyhedron whose
normal fan coarsens some convex subfan of the braid fan B, < R = R". Equivalently, it
is a polyhedron (not necessarily bounded) such that the affine span of every face is a
translate of a subspace spanned by vectors of the form e; — e; [1, Thm. 3.1.6 and Remark
3.1.7]. Many of the above statements about generalized permutohedra can be carried
over to this more general setting mutatis mutandis. For example, EGPs are preserved by
products, and the face of p corresponding to a set composition (i.e., maximized by the
linear functionals in some face of B3) is an EGP whenever it is well-defined (i.e., whenever
any, hence all, such functionals are bounded from above on p).

2.4. Hopf monoids. For definitions concerning Hopf monoids, we refer the reader to [1]
and [3]. All of our Hopf monoids are connected. We recall here the Hopf monoid struc-
tures on linear orders, matroids, and generalized permutohedra.

L: Linear orders with concatenation product. For any finite set /, let £[/] denote the set
of linear orders on I, i.e., all bijections w : [n] — I, where n = |I|. We represent w by
a bracketed list [w(1),...,w(n)] or (when no confusion can arise) a string w(1) - - - w(n).
As a set species, £ has a Hopf monoid structure in which product is concatenation and
the coproduct is A} ;(w) = w|; ® w|;, where w|; and w|; are the orders induced by w on
I, J respectively. In particular, £ is cocommutative but not commutative. The antipode on
the linearization L is given [3, p.250] by st(w) = (—1)flw™", where (w(1),...,w(n))*" =
(w(n),...,w(l)).

L*: Linear orders with shuffle product. More important for our purposes is L*, the dual
Hopf monoid of L. For the general theory of duality on Hopf monoids, see [3, §8.6]; here
we give a self-contained description of L*. As a vector species, L*[I] is again the k-vector
space spanned by all linear orders of /. To define the product and coproduct on L*, we
tirst need to introduce the notion of a shuffle.

Let w®, ... w@ be linear orders on pairwise-disjoint sets I,. .., I,. A shuffle of the
w® is an ordering on I = I; U --- U I, that restricts to w; on each I;. The set of all
shuffles is denoted Shuffle(w, ... w@). For example, Shuffle(12, 3) = {123,132, 312} and
Shuffle(12,34) = {1234, 1324,1342, 3124, 3142, 3412}. The shuffle operation is commutative

and associative, and | Shuffle(w™, ... w(@)| = (\h|,|.{|, 1,)- The product on L* is given by
pr,g(w, u) = Z v. (2.7a)
veShuffle(w,u)
Second, let w = (w(1l),...,w(n)) € €[I]. An initial segment of w is a set of the form
iniy(w) = {w(1),...,w(k)} for some k € [0,n]; the complement of an initial segment is a

final segment. The set of all initial segments of w is denoted Init(w). With this in hand,
the coproduct on L* is defined by

wly@w|; if I € Init(w),
A = 2.7b
s (1) { 0 otherwise. ( )
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Thus A; ;(w) is nonzero if and only if all elements of / precede all elements of J in w.
More generally, if A = A;|---|A, then Aj(w) is nonzero if and only if w consists of a
shuffle of A;, followed by a shuffle of A,, etc., and in this case Ay (w) = w4, ® - - - @ W) 4,.

Note that L* is commutative but not cocommutative (in general, Hopf duality inter-
changes the two properties), and L* is not linearized (unlike L). The antipode in L* is the
same as that in L (a general property of duality for any commutative or cocommutative
Hopf monoid).

Henceforth, product, coproduct, and antipode on linear orders will always be taken to mean the
operations of L* rather than L.

For later use, we calculate the map ps o A, for any set composition A F I. Say that two
linear orders u, w € ¢[I]| are A-consistent, written u ~, w, if all pairs of elements in the
same block of A appear in the same order in w and u; that is, if i =, j then u(i) < u(j) if
and only if w(i) < w(j). For example, if A = 13|2, then {312,321, 231} is an equivalence
class under ~ . Then

pa(Ba(w)) = {Z"d“}: e 28)

0 otherwise.

The following definition will also be useful. Recall [45, §1.4] that i € [n — 1] is a (right)
descent of a permutation v € &,, if v(i) > v(i + 1). The set of descents of v is denoted by
Des(v), and the number of descents is des(v).

Definition 2.5. Let w, u be linear orders on /. The u-descent set composition of w is the
coarsening D(w, u) of comp(w) = w(1)|- - - |w(n) whose separators correspond to descents
of the permutation v~ 'w; equivalently, w(i) = w(i + 1) if and only if i ¢ Des(u™ w).

For example, suppose I = {a,b,c,d, e, f, g h} and let w = aebfcdhg, u = bdahfgce €
¢[I], so that u='w = 38 - 157 - 246 (with the descents marked by dots). Then D(w,u) =
ae|bfc|dhg = ae|bcf|dgh.

Descent set compositions have the following basic properties:

D(w,u) = Ay <= u = w; (2.9)
VA dcomp(w): u=pw < D(w,u) <A; (2.10)
dim op () = |D(w,u)| = des(u™'w) + 1. (2.11)
In light of (2.10), we can usefully rewrite (2.8) (when A = A,|- - - | Ay, is w-natural) as
pa(Ap(w)) = 2 u = 2 u. (2.12)
ueShuffle(A1,...,Ax) uel[I]: A€Ew u
where
Evu ={AF[n]:D(w,u) <A < comp(w)}. (2.13)

Mat: Matroids. Let Mat|/] be the k-vector space spanned by all matroids with ground
set /. It has a Hopf monoid structure with product p(AM; ® My) = M, = M, (join) and
coproduct A; (M) = M|I®QM /I, where M]|I is the restriction to / and M /I is the contrac-
tion of I (so Mat is commutative but not cocommutative). Moreover, M /I is described
simplicially as the link of any facet of M|/; the choice of facet does not matter. In fact, as

we now prove, this property characterizes matroids. The proof is not difficult, but to the
12



best of our knowledge this characterization of matroids has not previously appeared in
the literature.

Theorem 2.6. Let I be a simplicial complex on ground set E. Then I is a matroid complex if and
only if it has the property of link invariance: for every X < E and every facets o,7 € I'|X we
have linkr (o) = linkp (7).

Proof. ( = ) First, note that linkp (o) and linkp(7) are both simplicial complexes on Y =
E\X, because o, T are facets (not just arbitrary faces) of I'| X. Moreover, they are pure,
since links in pure complexes are pure. By symmetry between o and 7, it is enough to
show that every facet of linkp(¢) is a face of linkp (7). Accordingly, let v and 3 be facets of
linkp (o) and linkp(7) respectively, so that o U o and 7 U S are facets of I'. We will show
that in fact a € linkp (7). If o = 3 then there is nothing to prove; otherwise, we induct on
the size of the symmetric difference |5 A af. Let v € f\«; by basis exchange there exists
we (cua)\(tuph)=(o\7)u(a\B)suchthat (1 U f) —v+w=7u (S —v)+wis a facet
of I'. In particular 7 + w is a face, so it cannot be the case that w € o\7 (otherwise 7 would
not be a facet of I'| A). Therefore w € o\5 and the new facetis 7 u 3/, where 5/ = § — v + w.
Thus |5’ A a| = |f\@| — 1 and the result follows by induction.

( < ) Suppose that I' is not a matroid complex; then there is some X < E such that
I'| X is not pure. Let o, 7 be facets of I'| X of different cardinalities, say |o| < |7|. We may
assume WLOG that X = 0 u 7. Letd = dimo and let 7 = {vy,...,v}. For 0 < i < k,
define X; = o U {vy,...,v;} and I'; = I'| X;. Then

(o)=To CI1 &SI =T[X

and dimI'y = dimI'y = d < dimI;. Let j be the smallest index such that dimI'; > d
(necessarily, dimI'; = d + 1) and let ¢ be a facet of I'; such that dim ¢ = d + 1. Then ¢ must
contain v;, so ¢’ = ¢ — v; is a face of I';_;, hence a facet (since dimI';_; = d = dim¢’). On
the other hand, o is also a facet of I';_; (since it is a facet of I';), and z; belongs to linka (¢')
but not to linka (o). O

Remark 2.7. Another proof of the ( < ) direction was pointed out to the authors by Darij
Grinberg. Let o, 7 be facets of I'| X. First observe that |o| = |7, since matroids are pure.
Let « € linkp (o), so 0 U a € I'. Then repeatedly applying condition (3) of the definition of
matroids gives 7 U a € T (since o itself cannot donate any vertices to 7), so a € linkp(7)
and therefore linkp (o) < linkp (o), and the argument is symmetric in o, 7.

Corollary 2.8. Mat is the largest subspecies of SC that admits a Hopf monoid structure with the
operations of join and restriction/link.

GP and GP*: Generalized permutohedra. Let GP[I] be the k-vector space spanned
by all generalized permutohedra in R/. Aguiar and Ardila [1] studied the Hopf monoid
structure given by p(p1 ® p2) = p1 x pa and Ay ;(p) = p|L ® p/! (for the definitions of the
latter, see [1, Prop. 1.4.2]. In particular ps(Ax(p)) = pa forany A F I and p € GP[I]. The
antipode in GP was computed by Aguiar and Ardila [1, Thm. 1.6.1] using topological
methods:

s (p) = (=DM R (= 1), (214)

q<p
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The Hopf monoid GP™ is defined by setting GP*[I] to be the k-vector space spanned
by all extended generalized permutohedra in R’. Multiplication is still Cartesian product,
while comultiplication [1, §1.4.5] is

if the linear functional 1; is bounded from above on p,
A(p) = {pA ! P (2.15)

0 otherwise.

The map Mat — GP sending M to its base polytope py, is an injective morphism
of Hopf monoids [1, Thm. 3.1.3, Thm. 3.1.4, Prop. 3.3.3]. The antipode in Mat is best
understood via the embedding Mat — GP; see [1, Thm. 3.3.4].

3. HOPF CLASSES OF ORDERED COMPLEXES

3.1. Definitions and basic properties. An ordered complex is a triple (w,I', ) where I'
is a simplicial complex on finite vertex set /, and w is a linear order on /. If the ground set
is clear from context, we may write simply (w,I).

For an initial segment A of w, the (initial) restriction and (initial) contraction of (w,I)
with respect to A are defined as (w,I')|A = (w|a,T'|A, A) and (w,I")/A = (w|pa, /A, 1\A),
where I'/A = linkr(p), where ¢ is the facet of I'| A that is lex-minimal with respect to w.

Note that restricting to the entire ground set (as an initial segment), or contracting
the empty initial segment, leaves (w, ') unchanged, while restricting to the empty set or
contracting the empty initial segment produces the trivial ordered complex ([], {}, &),
where [| denotes the (trivial) ordering of the empty set and {J} is the trivial simplicial
complex (not the void complex!).

Initial restriction and contraction behave well when iterated (analogously to deletion
and contraction for matroids; see [38, Prop. 3.1.26]), in the following sense.

Lemma 3.1. Let (w,I") be an ordered complex, and suppose that I and I L J are initial segments
of w. Then the following restriction/contraction relations hold:

(1) (w,T)|I = ((w,T)|(I uJ))|L
(2) ((w, D)) = ((w,D)|(I 1 J))/1.
3) ((w,T)/1)/J = (w,T)/(I uJ).

Proof. Assertion (1) is straightforward. For assertion (2), both simplicial complexes equal
linkr|, (), where ¢ is the lex-minimal facet of I'|/. Finally, assertion (3) follows from the
observation that the lex-minimal facet ¢ of I'|({ 11 .J) can be decomposed as ¢; Li ¢ ;, where
o7 is the lex-minimal facet of I'|I and ¢ is the lex-minimal facet of linkr ¢;. O

In the ordered setting, we need to specify in addition an ordering on the ground set
of the join; any shuffle of the orderings of the join factors will do. Accordingly, for any
w € Shuffle(w;, w), we define the ordered join operation = by

(wl, Fl: Il) :) (U}Q, FQ, IQ) = (’U}, Fl * FQ, [1 [ 12) (31)

The trivial ordered complex ([], {}) is a two-sided identity for ordered join. Moreover,
ordered join is compatible with restriction and contraction in the following sense.

Lemma 3.2. Let (wy,I'1, 1) and (wq, 'y, I5) be ordered complexes, let A; € Init(wq) and A, €
Init(w,), and let w € Shuffle(wy, wy) such that Ay L Ay € Init(w). Let ©w and  be the restrictions
of wto Ay b Ay and (11\Ay) b (12\As) respectively. Then

14



(1) ((w1,T1) x (w3, T2))[(Ar 0 Ag) = (w1, T1)| Ay 5 (w5, )| As; and
(2) ((wl, F1> :} (wg, FQ))/(Al L AQ) = (wl, Fl)/Al ;; (U)Q, FQ)/AQ

We omit the proof, which is a routine calculation.

Definition 3.3. A class H of ordered complexes is called a Hopf class if it satisfies the
following three conditions.

(1) (Closure under ordered join) If (wy, '), (wy,['y) € H, then (wy, ')

for every w € Shuffle(w,, ws).

(2) (Closure under initial restriction) If (w,I") € H and A is an initial segment of w,
then (w,T')|A € H.

(3) (Closure under initial contraction) If (w,I') € H and A is an initial segment of w,
then (w,I')/A € H.

(wg, FQ) € H

*
w

We will show (Theorem 3.16) that every Hopf class gives rise to a Hopf monoid: or-
dered join provides a product, and initial restriction and contraction provide a coproduct.

Pure simplicial complexes do not form a Hopf class, since they are not closed under
restriction (although they are closed under contraction and join). We say that a pure
ordered complex is prefix-pure if all its initial restrictions (hence all its initial contractions)
are pure. Evidently, if every complex in a Hopf class H is pure, then in fact every complex
in H is prefix-pure. (In fact this condition appears in Brylawski’s fundamental paper [18]
on broken-circuit complexes, although it does not play a major role there.)

Proposition 3.4. The class PRE of all prefix-pure complexes is a Hopf class, hence the unique
largest Hopf class whose members are all pure complexes.

Proof. The definition of prefix-purity implies that PRE is closed under initial restriction,
and it is closed under initial contraction because every link in a pure complex is pure.
Moreover, if (wy, ') and (wq, ') are prefix-pure, then by Lemma 3.2 every initial restric-
tion or contraction of an ordered join (ws, ') * (wg,T'9) is a join of initial restrictions or

contractions of the two of them, hence is pure. Thus PRE is a Hopf class. O

Henceforth, we will only consider Hopf classes of prefix-pure complexes.

The intersection of Hopf classes is again a Hopf class. Therefore, every sub-collection
H C PRE has a well-defined Hopf closure H, namely the intersection of all Hopf classes
containing H. We may also speak of the Hopf class generated by a collection of prefix-
pure ordered complexes.

The unique smallest Hopf class, and in fact the only finite Hopf class, is the singleton
class TRIV containing only the trivial ordered complex. Additional elementary examples
are the classes OMAT of ordered matroid independence complexes, its subclass OUM of
ordered independence complexes of uniform matroids (equivalently, skeletons of sim-
plices), and the smaller subclass 0SIM of all ordered simplices.

In the unordered setting, the largest class of pure simplicial complexes that is closed
under join, restriction, and deletion is precisely the class of matroid complexes. Thus any
Hopf class between OMAT and PRE can be regarded as an extension of matroids in the

ordered setting. There are many Hopf classes that include non-matroidal complexes.
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3.2. A zoo of Hopf classes.

Example 3.5 (Strongly lex-shellable complexes). A pure simplicial complex I'is shellable
if its facets can be ordered ¢, . .., ¢, such that whenever j < i, there is an index k < 7 and
a vertex = € y; such that

©j N Qi S or 0@ = i\ [T} (3.2)
Such an order is called a shelling order. There are equivalent definitions of shellability,
but this is the most convenient for our purposes; see, e.g., [16, §7.2].

We say that a pure ordered complex (w,I) is lex-shellable if the lexicographic order
<, on facets of I' induced by w is a shelling order. We define (w,I") to be strongly lex-
shellable if it is prefix-pure and every restriction to an initial segment is lex-shellable.
Strong lex-shellability is more restrictive than lex-shellability: for example, the graph with
edges 12, 14, 34 and the natural ordering on vertices is lex-shellable but not strongly lex-
shellable. On the other hand, Hopf classes are closed under restriction to initial segments,

so if every element of a Hopf class H is lex-shellable then in fact every element is strongly
lex-shellable.

Remark 3.6. Lex-shellability in this sense is a stronger condition than shellability. We
carried out a brute-force computation using SageMath [46] to check that the boundary of
Lockeberg’s simplicial 4-polytope [37], with 12 vertices and 48 facets, is not lex-shellable.
We do not have a computer-free proof of this observation, nor do we have any reason to
believe that this example is minimal.

The class SLS of all strongly lex-shellable complexes is a Hopf class, for the following
reasons. First, it is closed under restriction by definition, and it is closed under contraction
because shelling orders on I' restrict to shelling orders on all its links, and restricting a
lex-shelling to a final segment produces a lex-shelling. It remains to check closure under
ordered join.

Let (wy,T'1, 1), (wq, 'y, I5) € SLS and let w € Shuffle(w;, ws). Let ¢ = 1 L e and ¢ =
11 L 1y be facets of I'; = 'y, with ¢;,v; € I';, such that v <,, . Then either ¥y <, ¢
or 1, <, P2; assume without loss of generality that the first case holds. Since restricting
<u to I; gives a shelling order of I'y, it follows that I'y has a facet p; <, ¢1 and a vertex
x € @1 such that ¥ N @1 S p1 N1 = p1\{z}. Then it is routine to check that p = p; L ¢
satisfies (3.2), verifying that (w, ') * (wy,I'y) € SLS. <

Not every prefix-pure complex is shellable. For example, Ziegler [50] constructed a
non-shellable 3-dimensional ball Z with 10 vertices and 21 facets. According to compu-
tation with SageMath, Z is prefix-pure under 6528 of the 10! = 3628800 possible vertex
orderings.

Example 3.7 (Shifted complexes). An ordered simplicial complex (w,I', ) is shifted if,
whenever 7 € I" and e € 7, then 7 U f\e is a face for every f <, e. When I is pure of
dimension d — 1, this is equivalent to the statement that the facets of I' form an order ideal
in Gale order, which is the following partial order on (}): for ¢, v € (1) with p = {fi <.,
<y faand Y = {g1 <u - <w ga} Wehave p <, — [ <, g; Vi. Infact Gale
order on (I ) is a distributive lattice, isomorphic to the principal order ideal generated by

d
ad x (|| — d) rectangle in Young’s lattice of integer partitions. For more detail, see §6.3.
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Initial restrictions and initial contractions of shifted complexes are easily seen to be
shifted. However, pure shifted complexes are not closed under ordered join and therefore
do not form a Hopf class. Nevertheless, the class of ordered joins of shifted complexes is
a Hopf class SHIFT, because join is compatible with initial restriction and contraction
(Lemma 3.2). <

Example 3.8 (Quasi-matroidal classes). The quasi-matroidal classes studied in [40] are de-
tined as Hopf classes that satisfy additional conditions: a quasi-matroidal class must
contain all ordered matroids and shifted complexes, and be closed under taking links
of arbitrary faces (not just initial segments). The unique smallest quasi-matroidal class
is QMIN = OMAT U SHIFT. The unique largest quasi-matroidal class PURE [40, Example
3.3] is defined recursively as follows: (w,I', I) € PURE if either I" has exactly one facet, or
both the following conditions hold:

e (w|y,I'|I") € PURE, where I’ is obtained by deleting the w-maximal non-cone ver-
tex; and
e (w|pp,linkp(F)) € PURE for every F e I.

All complexes in PURE are vertex-decomposable [40, Thm. 3.5], hence shellable; on the
other hand, Hopf classes can contain non-shellable complexes, such as Ziegler’s non-
shellable ball Z.

The quasi-matroidal classes QI, QE, and QC are defined by the quasi-independence, quasi-
exchange, and quasi-circuit axioms respectively [40, Defn. 4.1]. None of these classes is
contained in another one [40, Thm. 4.3], so each strictly contains SHIFT and is strictly
contained in PURE. <

Example 3.9 (Gale truncations). Let (w, I, I') be a pure ordered complex of dimension d—1
and let J < (é) be an order ideal in Gale order (see Example 3.7). The Gale truncation
of (w,I') at J is (w,I's), where I' ;7 is the (pure) subcomplex of I" generated by the facets
in J. Gale truncations generalize shifted complexes, because a shifted complex is just a
Gale truncation of an ordered uniform matroid. In fact, SHIFT is the Hopf class of all Gale
truncations of direct sums of ordered uniform matroids.

According to computation with SageMath, there exists at least one vertex order w on
Ziegler’s non-shellable ball Z such that (w, Z) is prefix-pure, but not all Gale truncations
are prefix-pure. Thus Gale truncation is not a well-defined operation on Hopf classes
in general. On the other hand, by [40, Theorem 4.11], the class QE is closed under Gale
truncations, so for any Hopf class H < QE, the collection of Gale truncations of elements
of H generates a Hopf class H%*° such that H € H®° c QE. <

Example 3.10 (Matroid threshold complexes). Let I" be a matroid independence complex
on ground set [, let ¢ be a generic linear functional on R, and let » € R. Such a generic
¢ induces a linear order w, on I defined by ¢ < j iff {(e;) < {(e;). Let I'(¢,r) be the
subcomplex of I' generated by the facets ¢ such that ¢(¢) < r. We call I'(/, ) a matroid
threshold complex; by the proof of [29, Thm. 2(B)], it is a Gale truncation of (wy, I'). Thus,
if H € OMAT, then the class of matroid threshold complexes of elements of H generates a
Hopf class H" € HS® € OMATS?* C QE.

When I' is a simplex skeleton, the definition of matroid threshold complex reduces to
the usual definition of a threshold complex (see, e.g., [32]). Therefore, the class oum™ is

the smallest Hopf class containing all threshold complexes. <
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Example 3.11 (Color-shifted complexes). Color-shifted complexes generalize pure shifted
complexes (which arise as the case £ = 1). They were introduced by Babson and Novik
[10]; see also [24, §4.4]. A simplicial complex I" is color-shifted if its vertices can be parti-
tioned into disjoint sets I3, . . ., I;; (“color classes”) with the following properties:

(1) There is a “palette vector” a = (ay, ..., a;) € N¥ such that every facet of I has ex-
actly a; vertices of color i. (That is I is “a-balanced”; this condition was introduced
in [42].)

(2) The color classes are equipped with linear orders wy, - - -, wy, with the following
property: if z,y both have color j with z <, y, and v € I" contains y but not z,
then Y\{y} u {z} e I.

Note that when k£ = 1, the definition reduces to that of a pure shifted complex.

We define an ordered complex (w,I',I) to be color-shifted if there exists a partition
I = Iu---ulj and orderings wy, . . ., wy such that I' is color-shifted in the above sense and
w € Shuffle(wy, ..., wy). This property is easily seen to be preserved by initial restriction,
initial contraction, and ordered join. Thus color-shifted complexes constitute a Hopf class
COLOR.

Evidently SHIFT < COLOR. In fact, this inclusion is strict. Let Iy = {z,%:} and
Iy = {zg,y2} and I' = (@122, x1Y9, y122). This complex is color-shifted under the order-
ings x; <., y;, but it is join-irreducible and is not shifted with respect to any ordering on
Il U ]2.

The inclusions COLOR < QE and COLOR < QI can be proven by adapting the relevant
parts of the proof of [40, Thm. 4.2] from shifted to color-shifted complexes mutatis mutan-
dis. Both inclusions are strict because matroid complexes are in general not color-shifted.
We suspect that COLOR ¢ QC (the proof from [40] does not carry over to the color-shifted
setting). <

Example 3.12 (Broken-circuit complexes). Let (w, I, I) be an ordered matroid complex.
Recall that a circuit of the corresponding matroid is a minimal non-face of I'. A broken
circuit is a set of the form C'\ min,,(C), where C'is a circuit. The unreduced broken-circuit
complex BC,,(I') consists of all subsets of I containing no broken circuit. This complex is
always a cone over the first vertex z; of w; the base of the cone is called the reduced
broken-circuit complex BC,(T"). Both BC,(I") and BC,(T') are pure [16, Prop. 7.4.2]
and lex-shellable [16, Thm. 7.4.3]. Reduced broken-circuit complexes are prefix-pure [18,
Prop. 4.4]; more strongly, one can see that BC,,(I')|A = BC,,|,(I'|A) for every A € Init(w),
so BC,,(I") is strongly lex-shellable, and this property is preserved by deconing. Reduced
broken-circuit complexes do not form a Hopf class because they are not closed under con-
tractions of initial segments, but they generate a Hopf subclass BC < SLS. Moreover, the
class of broken-circuit complexes strictly includes that of matroid complexes [18, Thm. 4.2,
Rmk. 4.3], so OMAT C BC. <

We summarize the hierarchy of Hopf classes of prefix-pure complexes as follows.

Proposition 3.13. The Hopf classes described above are ordered by inclusion as in Figure 2.

Conjecture 3.14. BC C OMAT®® C QE n QL

The first inclusion in Conjecture 3.14 is very close to [19, Thm. 1.4], which states that ev-

ery broken-circuit complex is an order ideal in Las Vergnas’ internal activity poset (see [36,
18
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FIGURE 2. The hierarchy of Hopf classes of prefix-pure complexes. Solid
lines indicate inclusions known to be strict; dashed lines indicate possible
equalities. All classes are described in §§3.1-3.2, except OMAT™", which will
be described in §5.3.

Thm. 3.4]), whose relations are all relations in Gale order. The conjecture is true when I" is
shifted, since then its broken-circuit complex is also shifted [33, Thm. 5]. Moreover, the f-
vectors of broken-circuit complexes are more constrained than those of shifted complexes,
for the following reasons. Pure shifted complexes are shellable, hence Cohen-Macaulay;
on the other hand, the Cohen-Macaulay property and the f-vector are preserved by al-
gebraic shifting [31, §4.1], so the f-vectors of pure shifted complexes coincide with those
of Cohen-Macaulay complexes and satisfy the so called M-sequence inequalities. On the
other hand, f-vectors of broken circuit complexes form a much smaller class. As dis-
cussed in [19, Section 4], the family of h-vectors of broken-circuit complexes with d pos-
itive entries and last entry k is finite, while for Cohen-Macaulay complexes, and hence
shifted complexes, it is infinite.

The discussion in Example 3.9 implies OMAT® < QE, and moreover OMAT®" < QI
by [40, Thm. 5.8]. Since QE and QI are incomparable, both these inclusions are strict.
We expect that the axioms for QE and QI are too loose to capture all Gale truncations of
matroids. We note that this conjecture cannot be proved on the level of f-vectors, since all
simplicial complexes in QEN QI are shellable, and OMAT#?'® contains all shifted complexes,
hence all Cohen-Macaulay f-vectors by the discussion above.

Conjecture 3.15. OMAT" < SLS.

It was proven in [29, Thm. 2(A)] that every generic real-valued function on the ground
set of a matroid, when extended linearly to bases, gives rise to a shelling order on the

independence complex. A proof of Conjecture 3.15 might proceed along similar lines.
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3.3. Hopf monoids from Hopf classes. We now show that every Hopf class H naturally
gives rise to a Hopf monoid H = H". Define a set species h[I] to be the set of all ordered
complexes in H on ground set I, and let H be the corresponding vector species. Observe
that these species are connected, since h[J] contains only the trivial ordered complex;
this gives rise to a unit © and a counit e. We define a Hopf product j; ; and coproduct
Ay j on basis elements by join and restriction/contraction respectively:

pr,g (w1, 1) @ (we, I'g)) = Z (w1, 1) x (w2, I'2), (3.3a)
weShuffle(w,w2)
(w|r, T ® (w|,;,I'/I) if I is an initial segment of w,

3.3b
0 otherwise. ( )

A[J(U},F) = {

Theorem 3.16. For every Hopf class H, the tuple (H, j1,u, A, €) is a connected Hopf monoid.

Proof of Theorem 3.16. Most of the Hopf monoid axioms are straightforward; the only ones
that require substantial proof are coassociativity and compatibility.

First, we check coassociativity. Let (w,I', ) be an ordered complex and / = Au B u C.
For the sake of legibility, we drop disjoint union symbols: e.g.,, AB = Au B. If Aand AB
are not both initial segments of w, then

(Aap®Id) o Apgeo(w,T') = (Id®AB ) 0o Ay pe(w,I') = 0.
On the other hand, if A and AB are both initial segments, then
Aap®lde (Aupc(w,l)) = (w,I)|ABJA @ (w,I)|[AB/A & (w,T')/AB,
s ®Apo(Aapo(w, D)) = (w,T)]A ® (wI)/AB  ® (wI)/A/B,

and by Lemma 3.1 the two expressions coincide.

Second, we check compatibility. Let (wy,I';, AB) and (wq,I's,C'D) be ordered com-
plexes, and for short let £ denote their tensor product in H{AB]| ® H[CD]. If either
A ¢ Init(wy) or C' ¢ Init(ws), then Ay p x Acp(§) = 0, and in addition AC is not an
initial segment of any shuffle of w; and wy, $0 Asc pp(pas.cp(€)) = 0 as well.

On the other hand, suppose that A € Init(w;) and C' € Init(w,). Notice that if w is in
Shuffle(w;, ws), then Ao pp((w1, ) * (ws,T'9)) is non-zero only if AC € Init(w). Hence

Aac,ep(pascen(§)) = Z Aac,pp((wr,Iy) * (we,T's))

w € Shuffle(wy ,w2)

= > (w1, T1)[AC x (w2, T9)|AC) @ ((w1,T1)/AC # (wy, )/ AC).

w € Shuffle(wy,w2):
AC € Init(w)

*
w

(3.4)
Compatibility asserts that the last expression equals

(tac®ppp)oTo(Asp®Acp) (€)
= tac @ UB,D <(w1, I'DA® (w2, I'9)|c ® (w1, T1)/A® (wa, Fz)/0>

- Y (A s To)le) ® ((w T)/Ax (s, T2)/C). (35)
u € Shuffle(w1 | A,w2|C)
v € Shuffle(w1 /A,w2/C)
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In fact, the index sets of the two sums (3.4) and (3.5) are in bijection: w in the former
may be taken to be the concatenation of v and v in the latter. Moreover, the summands
are equal by Lemma 3.2, completing the proof of compatibility. 0

Of particular interest to us are the Hopf monoids Pre = PRE’ (the largest Hopf monoid
of pure ordered simplicial complexes in which we can work) and OMat = OMAT".

Proposition 3.17. There is an isomorphism of Hopf monoids OMat =~ L* x Mat.

Proof. In both cases the basis elements are matroid complexes equipped with an ordering
of the ground set, giving equality on the level of vector species. Moreover, the product
and coproduct defined on OMat by (3.3a) and (3.3b) coincide with the Hopf operations
on L* x Mat described in §2.4. O

Proposition 3.18. If H is a Hopf class containing OMAT, then the map OMat — H given by
(w, M) — (w,Z(M)) is a Hopf monoid monomorphism.

Proof. For independence complexes of matroids, the product and coproduct in H coincide
with those in OMat. O

4. ORDERED GENERALIZED PERMUTOHEDRA

Having shown that every Hopf class H gives rise to a Hopf monoid H, we now want to
find a cancellation-free formula for the antipode in H in terms of the combinatorics of H.
We start by focusing on Hopf classes with inherent geometry, such as OMAT, where we
can hope to express the coefficients of the antipode as appropriate Euler characteristics,
as in [1]. In order to do this, we may as well work in the more general setting of ordered
generalized permutohedra.

As stated in the introduction, [27, Thm. 4.1] states that a polyhedron p < R’ is a ma-
troid base polytope for some matroid on I if and only if p satisfies the following three
conditions:

(M1) p is bounded;
(M2) p is an 0/1-polyhedron;
(M3) Every edge of p is parallel to some e; — e;, where {e; }cr is the standard basis of R'.

Conditions (M1) and (M3) together define the class of generalized permutohedra (see
§2.3), while (M3) alone defines extended generalized permutohedra. In order to stay
within the realm of Hopf classes of ordered simplicial complexes, we must retain con-
dition (M2). In §5, we will study the Hopf class of ordered simplicial complexes arising
from possibly-unbounded polyhedra satisfying conditions (M2) and (M3).

Definition 4.1. An ordered generalized permutohedron is a pair (w,p), where p = R’ is
a generalized permutohedron and w is a linear order on /. The Hopf monoid of ordered
generalized permutohedra is the Hadamard product OGP = L* x GP.

Like both L* and GP, the monoid OGP is commutative but not cocommutative. Since
L* is not linearized as a Hopf monoid, neither is OGP. The inclusion Mat — GP gives
rise to an inclusion OMat — OGP, where OMat = L* x Mat, the Hopf monoid of

ordered matroids.
21



Remark 4.2. It is also possible to study the Hopf monoid L x GP. This monoid, unlike
L* x GP, is a linearized Hopf monoid, so its antipode can be calculated using the methods
of Benedetti and Bergeron [12]. Moreover, the projection map 7 : L x GP — GP is
a morphism of Hopf monoids, unlike the map 7* : L* x GP — GP, which is only a
morphism of vector species—if w®p € OGP[I] and v®q e OGP[J], then 1(w®p) *7(v®
q) =p x q,but7((w@p) « (0@ 7)) = ("H")p x q.

On the other hand, L x GP is neither commutative nor cocommutative (since L is co-
commutative but not commutative), and does not arise from a Hopf class. In the ordered
setting, deletion and contraction require splitting the ground set into an initial and a final
segment, which corresponds to the coproduct in L*. As we will see, another good prop-
erty that L* x GP enjoys but L x GP lacks is that its antipode is local in a precise geometric
sense; see Proposition 7.4 and Remark 7.6.

The idea of ordering coordinates by forming a Hadamard product with L* carries over
from generalized permutohedra to EGPs. However, the appropriate Hopf monoid to
consider is not the full Hadamard product L* x GP, for the following reason. Suppose
that p is an EGP in R, and let A F [. If the cone o4 belongs to the normal fan N, then
there is a well-defined face p, that maximizes the linear functionals in o (and if A is a
linear order, then p, is a vertex). However, if 0 ¢ |A,], then linear functionals in o are
unbounded on p and no such face exists. Accordingly, we define

(Il = {wel[l]: oye SN} ={w e l[I]: pyre is a well-defined vertex of p}.  (4.1)
In particular, ¢,[/] = €[] if and only if p is bounded.
Remark 4.3. The reason to reverse the order is the following. To compute the restriction
of p « R’ to the initial segment I we need to find the face of p maximized by the
function 1; € o1, and the set composition J|/ is refined not by comp(w), but rather by
comp(w)™. Geometrically, this means that o,:v € N,. Equivalently, linear functionals

in 0, are bounded from below on p. (The reversal would not be necessary under the
conventions in [1]; see the note in §2.2.)

Lemma 4.4. Let p € R’/ be a (possibly unbounded) generalized permutohedron. Then
{wel,[IuJ]:1eit(w)} = {uww: uely[I], velylJ]} (4.2)
where wv denotes the concatenation of u and v.
Proof. We use the following basic fact about faces of polyhedra [47, eqn. (2.3), p.10]: for
all linear functionals ), , Ay, on R7=7, either
(Pxi)x, = Pibexe (4.3)

for sufficiently small € > 0, or neither of the faces exist. We now prove (4.2) by double
inclusion.

(2) Let u, v be as in the right hand side of (4.2) and let w = wv. Then the face (p|/ x
P/ 1) yrevyrer = (p J] I)wrev exists, because the functional A, is bounded on p;; by virtue of
being bounded on each factor. Now let x; € 0; and x; € yrev, then by (4.3) we have

(pJU)w = (px1)x2 = Px;texs-

The condition / € Init(w) implies J|I < comp(w)*Y, SO X; + €X3 € 0yrev. Therefore pyrev is

a vertex of p,i.e., w € €,[I L J| as desired.
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(S) Let w be such that o,ev € N, with I € Init(w), and let u = w|; and v = w|,. Since N,
is closed it contains Cyyrev. Since J|I < comp(w)™, we have o1 € Cyrev < N,,. Therefore, p
has a face pj;; = p|I xp/I, on which A, is bounded. Moreover, for (z,y) € p|Ixp/I = py1,
we have \yev(2,y) = A\y(2) + Ay (y); in particular, A\,rev and A,rev are both bounded on p|7
and p/I respectively. O

Accordingly, we define OGP™ as a vector subspecies of L* x GP™:

OGPT[I] =(w®p: pe GPT[I], we [I]). (4.4)
Theorem 4.5. OGP is a Hopf submonoid of L* x GP™*.

Proof. Tt suffices to show that ; ;(OGP*[I|®OGP*[J]) € OGP*[IuJ]and A; ;,(OGP ™[I
J]) € OGP*[I] ® OGP*[J], for all disjoint finite sets I, J.
For the product, letu ® p € OGP [I] and v ® q € OGP"[J], where I n J = &J. Then

wepee = >  we(pxaq). (4.5)

weShuffle(u,v)

Every linear functional A on R? x R’ is defined by A(P,Q) = A (P) + \,(Q). If w €
Shuffle(u, v) and A € g,rev, then A; (resp., Aj) restricts to a functional in o,rev (resp., oyrev),
hence is maximized on p (resp., q) at p,rev (resp., q,rv). Hence A is maximized on p x q at
Purev X gyrev. It follows that every summand in (4.5) belongs to OGP*[] 1 J].

For the coproduct, let w ® p € OGP™[I u J]. Then

Ars(w®p) = (w@p|I) & (w|; @p/I).

Recall that p|I x p/I is a face of p, so any linear functional A € g, is bounded above on
p and hence on p|I x p/I. The restriction of \ to each element in the product is a pair of
functionals, one in direction w'¥|; and another one in w*"| ;, and each of those functionals
is bounded above on p|I and p/I respectively. O

Theorem 4.6. The symmetrization map Sym : GP* — OGP™ defined on GP™[I] by

is an injective Hopf morphism. It restricts to a map GP — OGP given by p# = Dweer W P

Proof. It is straightforward to check that Sym is a morphism of vector species, so the proof

reduces to checking that it that commutes with products and coproducts.
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First, let p e GP*[I], g € GP*[J], where [, J are disjoint finite sets. We must show that
PP (p%, q%) = (uFT " (p, q))*. Indeed,

,UI,J(p#aq#) :,UI,J< Z u@pa Z U®q>

uely[I] vely[J]

. z( 5 w@(pxq>)

uely [I] velq[J] \weShuffle(u,v)

uely[I] velq[J] weShuffle

= ( > w) ® (p x q)
welp xq[TLJ]

= pr.s(p, Cl)#-

The second-to-last equality follows because every linear order on / L J decomposes
uniquely as a shuffle of a linear order in / and a linear order in .J, and because the product
p x g is bounded in direction w™" if and only if p and q are bounded in directions w™"|;
and w""|; respectively.

Second, let I, J be disjoint finite sets and p € GP*[/L1.J]. We must show that AP$P” (Sym(p)) =
(Sym®Sym) o Ay ;(p). Indeed,

A??P+<Sym(¥3)) =Ary ( Z w®p>

welp[IuJ]

_ 3 (w]r @p|I) @ (w]; @p/I)

wely [TuJ]: Ielnit(w)

= > ) wep)e wep/)

uely) (1] vety)r[J]
= (plD* @ (p/D)*
= (Sym®Sym) o Ay ;(p)
where the third equality follows from Lemma 4.4. O

At this point we can write down a “symmetrized antipode” formula:

D1 siw@p) = si(p#) =si(p)* = (-1 Y ()™ (u®q). (4.6)
wely[I] K Z'EI]

The second equality arises because symmetrization is a Hopf morphism, hence commutes
with the antipode, and the last equality follows from the Aguiar-Ardila formula (2.14)
for the antipode in GP*. Note that the right-hand side of (4.6) is cancellation- and
multiplicity-free. On the other hand, as we will see, the individual summands s(w ® p)

can be extremely complicated.
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Remark 4.7. Aguiar and Ardila [1, §§1.4.3, 1.4.5] defined quotient monoids GP and GP™*
whose basis elements are equivalence classes of (extended) generalized permutohedra
up to normal equivalence (i.e., equality of normal fans). All of our results, including the
antipode formula to be proved in §7, are expressed in terms of normal fans, hence carry

over mutatis mutandis to L* x GP and L* x GP™.

5. 0/1-EXTENDED GENERALIZED PERMUTOHEDRA

We next study the indicator complexes of possibly-unbounded 0/1-EGPs and show
that they form a Hopf subclass of OGP™ that contains OMat.
Define a vector subspecies OIGP* € OGP™ by

OIGP*[I] ={w®p e OGP*[I]: pisa0/1-EGP).

Evidently OIGP™" is a Hopf submonoid of OGP*, because the 0/1-condition is clearly
closed under taking products and faces. A bounded 0/1-EGP p is precisely a matroid base
polytope [27, Thm. 4.1], and the indicator complex Y (p) is just the independence complex
of the associated matroid, giving an injection Mat — OIGP™. On the other hand, if p
is unbounded, then T(p) need not be a matroid complex, and some care is required in
seeing how to derive OIGP™ from a Hopf class.

Example 5.1. The hypersimplex A, 4 = R’ = R* is the solution set of the following equa-
tion and inequalities:

$1+£L'2+$3+£L‘4=2 :CZ-<1, (VZE[4D .Z'i+$j+l'k<2, (1<Z<j<k<4)

Ignoring the inequalities 4 < 1 and x5 + 23+ x4 < 2 produces the unbounded generalized
permutohedron p shown in Figure 3, with rays pointing in the direction e; — e;. Let
w = 1234 € &4; then w € £,[I] (specifically, p,rv = 1100) and so (w, p) € OGP*. Moreover,
the indicator complex Y (p) = (12,13, 23, 14) is prefix-pure with respect to w; we will see
that this is not an accident. On the other hand, T(p) is not a matroid complex, since its
restriction to {2, 3,4} is not pure.

1100

FIGURE 3. An unbounded 0/1-EGP whose indicator complex is not a ma-
troid.
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Example 5.1 illustrates that indicator complexes of 0/1-EGPs form a nontrivial exten-
sion of the class of matroids. These “unbounded matroids” are studied in more detail
in [14].

Theorem 5.2. The family of ordered simplicial complexes
OMAT" = {(w,Y(p),I): p = R'isa 0/1-EGP with w € £,[I]}
is a Hopf class.

Proof. First we show that every element of OMAT™ is prefix-pure. Let (w, Y (p),I u J) €
OMAT", where [ € Init(w), and let 1; be the linear functional defined by 1,(x) = >,._; z;.
Then 1; € o1 S Tyurev, 50 1; is bounded from above on p; in particular it is a face of p
containing p,.v. The complex Y (p)|/ is generated by the faces supp(x) n I for all vertices
x € p, while T (p|I) is the pure subcomplex of Y (p)|/ generated by faces of maximum size
(which correspond to vertices of p maximized by 1;). Therefore, it suffices to show that
T(p)|I = T(p|).

Accordingly, let v = supp(x) n I be a face of Y(p)|/. If x is not maximized by 1,
then p must contain some 1-dimensional face e incident to x such that walking along e
from x increases the value of 1;. Since p is an EGP, this walk must be in the direction
e, —e; for some i € [ and j € J, and 1; is bounded from above on p, so the walk must
eventually reach another vertex y € p. But p is an 0/1-polyhedron, so it must be the
case that z; = y; = 0O and z; = y; = 1, and supp(y) = supp(x) u {i}\{j}. Therefore
supp(y) n I = vy u {i} € T(p)|I. This argument shows that every facet of Y (p)|/ is a face
of Y(p|I), as required.

Closure under initial restriction and contraction follow from Lemma 4.4. For closure
under ordered join, let (wy, Y(py), 1), (w2, Y(p2), [s) € OMAT*. The faces of p; x py are
products of faces of p; with faces of p,, so

wel ul] <  w|,€ly,[l] and wly, € 4,,[ls] <=  w e Shuffle(w;, ws)

and if these conditions hold then
(w1, L(p1)) x (w2, T(p2)) = (w, T(p1) = L(p2)) = (w, T(p1 x p2)) € OMAT*

as desired. O

The Hopf monoid OMat™ = (OMAT™ )" (see §3.3) is therefore defined by

OMat™[I] ={w®T(p): w®pe OIGP*[I]}.

Thus there is a surjective morphism of vector species T = Id®Y : OIGP* — OMat™.
Proposition 5.3. The map Y : OIGP* — OMat" is a surjective Hopf morphism.

Proof. Itis necessary to show that T is compatible with shuffled join, initial restriction, and
initial contraction. Compatibility with join follows from the observation that the vertices
of p x q are exactly concatenations of vertices of p with vertices of q, and compatibility with
initial restriction is just the identity Y(p|I) = Y(p)|] obtained in the proof of Theorem 5.2.

For compatibility with initial restriction, let w ® p € OIGP™ and I € Init(w); we must
show that Y(p/I) = T(p)/I. Let ¢ be the w-lex-minimal facet of T(p|I) = Y(p)|I. Then e,
is a vertex of p|/, and by [1, Prop. 1.4.2] the vertices of p/I are precisely

{exe RN . Ac J\I, e, x ex € p}.
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But ¢ is also the w-lex-minimal facet of Y (p)|, so Y(p/I) = {A< J\]: pu Ae Y (p)}
linky ) (¢) = Y(p)/I as desired.

cl

The relationships between the various Hopf monoids we have encountered are sum-
marized in the following diagram.

L* x GP = 0GP ——— OGP™*

o T N

GP J GP*
L* x Mat = OMat L, OIGP* — T, OMat*
Sym Tw
Mat ©------mmmm e » 1 Mat* |

The vector species Mat™ is defined as the image of OMat™ under the projection map
m : L* x GP — GP; that is, it is the span of all indicator complexes of 0/1-EGPs. By
Corollary 2.8, the dashed arrows are not Hopf morphisms; indeed, it seems unlikely that
Mat* can be endowed with a Hopf monoid structure.

6. ANTIPODES OF FACET-INITIAL AND SHIFTED COMPLEXES

Throughout this section, we fix a natural ordered prefix-pure complex (w, I, [n]) of
dimension r — 1.

Recall from §2.2 that a set composition A = A,|---|A, F [n] is natural iff its blocks are
intervals, or equivalently if A < E, where E = 1]2| - - - |n.

For any interval J = [s,t], define the corresponding interval minor of (w, I, [n]) as
(w|y,I'(J),J), where I'(J) = I'(s,t) = (I'|L u J)/L and L is the interval preceding J.
Moreover, for any natural set composition A = A,|---|A;, F I, define the reassembly of I'
with respect to A as Rex (I') = I'(Ay) = - - » ['(Ay), so that

pa(Aa(w®l)) = D (u®@Rea(T) = >, (u®@Rea()). (6.1)
ueShuffle(w|a, ..., w|a,) D(uuf%)nQA
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Recall from (2.8) that s (Ax(w®T')) = 0if A is not natural, so the Takeuchi formula (1.1)
gives

sweT) = > (DA > u®Rea(T)

A<comp(w) ueBnp:
D(w,u)<A
= > > ()™M u®Rea(I)
ueS,  AF[n]:
D(w,u)<A<E

- > D ( > (1)A)u®Q (6.2)

u€B,, reassemblies \ A€C NEw,u
Qof I
where E,, , is as defined in (2.13) and
Co={AFE[n]: A<E, Rea(T') = Q}. (6.3)

The album E,, ,, which does not depend on I', will appear later in our calculation of the
antipode for OGP™* (§7.2).

Further investigation of the antipode along these lines appears to require describing
the album Cg), which may be quite complicated in general. Nevertheless, we make the
following conjecture:

Conjecture 6.1. In every Hopf monoid arising from a Hopf class (equivalently, in PRE"), the
antipode is multiplicity-free.

Equivalently, the “Euler characteristic” of the album Cg N E,, ,, defined in (6.3) is always
0 or +1. We now present evidence in support of this conjecture, for a class of ordered
complexes for which the albums Cg can be described easily.

6.1. Facet-initial complexes.

Definition 6.2. Let (w, ', [n]) be an ordered prefix-pure complex, and let r = dimI" + 1.
We say that (w,I") is facet-initial if either I' = {(F}, or if [r] is a facet of I" (hence the
lex-minimal facet).

Adapting terminology from matroid theory, we say that a vertex of I is a coloop if it
belongs to every facet, and a loop if it belongs to no facet (hence to no face); in addition,
we say that I is primitive if it has no loops or coloops. The facet-initial property is (much)
more general than shiftedness, and is preserved by restriction and contraction, hence by
taking interval minors (though not by join). The interval minors of I are

L(s,t) ={y<[s,t]: yul[l,s—1]eT}. (6.4)
In particular, I'(s, t) is a simplex if ¢ < r and is empty if s > r. Therefore, for any natural
set composition A = A;|---|A; F I (i.e., one whose blocks are intervals), suppose that

A; = [s,t] is the block of A containing  (so 1 < s < r <t < n). Then the reassembly
Rea (") that occurs in (6.1) is

[ (s,t) := (1,8 = 1)) « (s, 1);
in particular Re, (I') and the albums Cg, of (6.3) depend only on the interval [s, ¢].

Theorem 6.3. Let (w, ', [n]) be a facet-initial ordered simplicial complex. Then:
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(1) Its antipode is given by the formula

s(w@T) = ZZ ) YT u@T (s, t) (6.5)
s=1t=r ueSh(s,t)
where Sh(s,t) = Shuffle([s — 1,s —2,...,1],[s,...,t],[n,n—=1,...;t + 1]) € &,,.
(2) If in addition I is shifted and has no loops or coloops, then the formula is cancellation-free.

We will establish the formula immediately, but defer the proof of the second statement
until we focus on shifted complexes in the next section.

Proof of Theorem 6.3 (1). By the foregoing observations about facet-initial complexes, we
can rewrite (6.2) as

s(w®T) = ZZ DD Y w@TH(st). (6.6)

s=1t=r AF[n] natural: UEGy:
[s tleA D(w,u)<A
Observe that if [s,t] € A and D(w,u) < A thenu™!(s) < --- < u™'(t). Moreover, for fixed s
and ¢ and a permutation u obeying this last condition, any natural set composition A
containing [s, t] as a block satisfies D(w, u) < A if and only if B < A < C, where

B=B,.,, = ([1,5—1]][s,t]|[t+1,n]> v D(w, u),
C=Crsp=1]---|s—=1][s,t]|t+1]---|n

(here v denotes the join in the lattice of natural set compositions). Therefore, we may
rewrite the right-hand side of (6.6) as

ZZ D < 3 (—1)|A|>U®F*(s,t). 6.7)

s=1t=r ueS, B<JA<C
u"l(s)<<uT(t)

The parenthesized sum, over a Boolean interval, vanishes unless B = C. In this case
the sum equals (—1)"'~(~%), and since 1,...,s — 1 and t + 1, ..., n are singleton parts in
D(w, u) it follows that

(1) > >ut(s— 1),

ut(s) < - <uTH(t), (6.8)

wl(t+1)>->ut(n).

(the second condition was noted previously). These conditions, together with v '(s) <
-+ < u~(t), say precisely that u € Sh(s, t), yielding the desired formula. O

The formula of Theorem 6.3 is not cancellation-free in all cases, because there can exist
s,t,s',t such that I'*(s,t) = I'*(s',¢') and Sh(s,t) n Sh(s,t') is nonempty. However, this
possibility is limited, and in fact we can track the cancellation exactly. Say that a permu-
tation u € &,, is DUD (for down-up-down) if it satisfies the inequalities v~ '(1) > -+ >
uw(S), v (S) < - <u{T),u ™ (T) > -+ >ut(n), where S,...,r ..., T is the max-
imal increasing subsequence of u containing r (in particular, S < r < T). Observe that
u € Sh(s, t) if and only if it is DUD, with s € {S, S + 1} and ¢ € {T',T — 1}, or equivalently,
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s—1<S5<s<r<t<T <t+1 Thuswe canregroup the formula of Theorem 6.3
by summing over permutations, always remembering that S and T" depend on u:

swel) = > (~1)" " g (F*(S,T)—F*(S,T—l)—F*(S+1,T)+F*(S+1,T—1))

u DUD
S<r<T

+ Y (e (r*(s, r) —T*(S + 1,7’))

DUD

+ (1) T+ 1y ® <F*(r, T) —T*(r, T — 1))

+ > ()T T @TH(S,T)
D

(6.9)
By definition, I'*(s,r) = ([1,7]) for every s < r, so the second sum in (6.9) vanishes.
Cancellation in the third sum is easy to track: I'*(r, T) is generated by the facets of I' of
the form [r — 1] U {z} with r < 2 < T, so the third summand is nonzero if and only if
[r—1]u{T}el.
We now consider cancellation in the first sum. The relevant conditions are:
(@) T'isaloopin I'(S,T); (c) S'isacoloopinI'(S,T);
(b) T'isaloop inI'(S + 1,7); (d) SisacoloopinI'(S,T —1).
The conditions for equality between each pair are indicated in the following diagram:

(S, T) © “(S+1,7)
={1,S =1« I'(S,T) ={1,S)*I(S+1,T)
@ (@),(c) (b),(d) o (6.10)
*(S, T —1) &) r*(S+1,T—-1)
={1,S =1}« T(S, T —1) ={LSH«T(S+1,T-1)

Note that (a) = (b) and (c) = (d). Moreover, by the diagram above, it is not possible
that exactly three of the conditions are true. The remaining logical possibilities, and the
resulting cancellation in the summand, are given by the following table.

True False Simplified form
a,b,c,d — 0
a,b cd O
c,d ab 0

b,d ac I'(S,T7)—-T*(S,T—1)or I'*(S,T) —I""(S+ 1,T)
b acd I'*(S,T)—-TI*(S,T—-1)
d abc T*(S,T)-T*(S+1,T)
— abed THS,T)-T*S,T—1)-T*(S+1,T)+T*(S+1,T-1)
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Putting these observations together leads to the following formula (which is cancellation-
free and multiplicity-free) for the antipode of a facet-initial complex:

swel)= Y (~)" T e (r*(s, T)—T*(S,T—1)—T*(S+1,T) +T*(S +1,T — 1))
v DUD

S<r<T
(a)...(d) false

+ Y (YTl (TS, T) — T*(S, T — 1))

S<r<T
(b) true; (a,c) false

+ > (—1) TS5y @ (0%(S, T) — T*(S + 1, 7))
u DUD
S<r<T
(d) true; (a,b,c) false
+ > ()T (T, T) — TH(r, T — 1))
» DUD

S=r<T
[r=1]u{T}el

+ >, (D" ue (1),
u DUD
S=r=T

(6.11)
Here we have combined the fourth and fifth cases in the table. Alternatively, it is pos-
sible to combine the fourth and sixth cases and write a similar formula, which we omit.

6.2. Shifted complexes. We now consider the case of a pure ordered complex (w, T, [n])
that is not merely facet-initial but in fact shifted; i.e., its facets form an order ideal in
Gale order (see Example 3.7). We write {1, ..., ¢ »r for the shifted matroid on vertex
set I whose facets are the Gale order ideal generated by the ¢;: for example, (14,23 ) =
(12,13, 14, 23). Note that the coloops of I' form an initial segment [1, a] and its loops form
a final segment [z, n|, where a < r < z. The definitions of loop and coloop imply that

[LLr+1\{z} el <= =x>a (6.12a)

and

[1,r—1\{z} el <<= z<=z. (6.12b)
In particular, I' is coloop-free if and only if [2,r + 1] is a facet, and is loop-free if and only
if [1,7 — 1] U {n} is a facet. (If I" has no coloops we may set a = 0, and if it has no loops
then z =n + 1.)

Lemma 6.4. Let (w,I") be a pure shifted complex of dimension r — 1 on vertex set [1,n] with
w = e the natural ordering. Suppose that the coloops of I are [1, a| and the loops are [z,n]. (Note
that a < r < z.) Let [s,t] < [1,n] be an interval such that s < r < t. Then:
(1) Ift = r, then I'(s,t) = {|s,t]) and so I'* (s, t) = {[1,r]).
(2) If t > r, then the coloops of I'(s, t) are [1,a] N [s,t] and the loops are [z,n] n [s,t]. Thus
['(s,t) ={[1,a] n[s,t]) = '(a + 1, min(t,z — 1)) and so
D*(s,1) = ([1,s — 1]y ([1,a] A [5,4]) * D(a + 1, min(t, 2 — 1))
= {[1,max(s — 1,a)]) = I'(a + 1, min(¢, z — 1))

and moreover I'(a + 1, min(¢, z — 1)) is primitive.
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Proof. The first assertion is immediate from (6.4). Henceforth, suppose that ¢ > r. Let
x € [s,t]. Then by (6.4) and (6.12a)

[s,r+1]\{z} eT'(s,t) <= [L,r+1]\{z}el <— x>a
and by (6.4) and (6.12b)
[s,r —1]u{z}el(s,t) <<= [L,r=—1]\{z}el <= 2z<z
from which the statement about loops and coloops follows, and the rest is calculation. [J

In the third case (s < r < t), note that if I is primitive then so is I'(s, t). Moreover, I'(s, t)
cannot be a simplex (because a < t) or empty (because s < z).

Corollary 6.5. I'*(s,t) = I'*(s',t') ifand only if (i) t = t' = r; or (i1) t,t' > r, min(t,z — 1) =
min(¢', z — 1), and max(s — 1,a) = max(s' — 1,a). Equivalently: (i)t = t' = r; or (ii) either
r<t=t <zort,t' >z andeither s,s <a+1lors=5 >a+ 1.

We can now revisit the cancellation-free formula (6.11). The conditions (a), ..., (d)
of (6.10) now become

(@) T'isaloopinI'(S,T) «— T > =.

(b) TisaloopinI'(S+ 1,7) «— T > z.

(c) SisacoloopinI'(S,T) <= T =r,orT >rand S < a.

(d) SisacoloopinI'(S,T—1) < T =r,orT=r+1,orT >r+1land S <a.

In the first sum, to say that (a)...(d) all fail is to say that r+ 1 < T < zand S > a. The sec-
ond sum disappears because conditions (a) and (b) are equivalent for shifted complexes.
In the third sum, to say that (a), (b), (c) all fail but (d) holds is to say that 7" = r + 1 and
S > a. In the fourth sum, the condition [r — 1] U {T'} becomes T' < z by (6.12b). Thus we
can simplify (6.11) slightly to the cancellation-free formula

swT) = > (~1)" "5 @ (T%(S,T) —T*(S,T — 1) = T*(S + 1,T) + T*(S + 1,7 — 1))
u DUD

a<S<r
r+l<T<z

+ Y (-D)"u@ (TS, r+ 1) =TS + 1,7 + 1))
v DUD

a<S<r
T=r+l<z

+ > ()T (T, T) — T*(r, T — 1))

u DUD
S=r<T<z

+ > ()" (1)),
AL

(6.13)
We can now complete the proof of Theorem 6.3.

Proof of Theorem 6.3 (2). Let (w,I', I) be a shifted complex with no loops or coloops. By
Lemma 6.4, all complexes I'(s,t) with s < r < t are also loopless and coloopless. For each
complex I['*(s,?) we can recover s and ¢ from the coloops and the loops respectively. It

follows that formula (6.5) is cancellation-free. O
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Remark 6.6. The simplicial complexes I'*(s, t) are shifted with respect to e (by virtue of be-
ing minors of the shifted complex I') but not necessarily with respect to the permutations
u with which they are paired in the formula of Theorem 6.3. (We should not expect them
to be so, since ordered shifted complexes do not form a Hopf class or a Hopf monoid; see
Example 3.7.)

Observe that the indexing of the terms in the antipode formula given by (6.13) depends
only on the parameters , n, a, z; this will be useful shortly.

6.3. Shifted (Schubert) matroids. Klivans [34, Thm. 5.4.1] proved that a shifted complex
is a matroid independence complex if and only if it is a principal ideal in Gale order. These
complexes also appear in the literature under the name Schubert matroids.

Let p = {a1 < --- < a,} < [n]. We can represent the shifted matroid {y)[,) as the Fer-
rers diagram of the partition (a; — 1,...,a, — ) (here it is convenient to write partitions
in weakly increasing order). This correspondence gives an isomorphism between Gale
order on r-subsets of [n] and the interval in Young’s lattice from the empty partition to
the rectangle r x (n —r) with r rows and n — r columns. In particular, Gale order is a (dis-
tributive) lattice whose join and meet correspond respectively to union and intersection of
Ferrers diagrams. If we label rows 1, . . ., r south to north and columns r + 1, ..., n west to
east, then empty rows at the south are coloops and empty columns on the east are loops.
For s < r < t, the complexes I'(s, t) and ['*(s, t) are obtained by erasing all rows south of s
and all columns east of ¢ and regarding the result as a subdiagram of [s,r] x [r + 1,¢] or
of [1,7] x [r + 1,n] respectively. This observation is the pictorial version of the formula

Lppmi(s,t) = L' At =1+ 5,8 Dy (6.14)

where ¢’ = {ag,...,a,} and A denotes meet in Gale order (we omit the routine verifica-
tion). Thus the class of shifted matroids is closed under taking interval minors.

For example, the shifted matroid (23589)),1) (with » = 5) corresponds to the Ferrers
diagram of the partition (4,4,2,1,1) = (9 — 5,8 — 4,5 — 3,3 — 2,2 — 1), considered as a
subset of a r x (n — ) = 5 x 6 rectangle (see Figure 4).

6 7 8 91011 6 7 8 91011

N W s~ Ol

=N WP~ O

(S
NN

I = (23589) (1

FIGURE 4. A shifted matroid and an interval minor, represented as Ferrers diagrams.

Meanwhile, let us interpret reassemblies of the shifted matroid I" geometrically. Let p
be the matroid polytope of I' (equivalently, its indicator polytope; see §2.1). For every
natural set composition A = A,|-- - |A; F I, iterating [1, Prop. 1.4.2] gives

Pa = Pay X X Pay,
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where p 4, is the matroid polytope of the interval minor I'(4;). Thus the indicator complex
of py is precisely the reassembly Rex (I').

Let ® < I' be shifted complexes on [n]| with the same parameters r, n, a, z of the same
dimension, and let 1 < s < ¢ < n. Thus, as mentioned above, the terms in the expressions
for s(w ® ®) and s(w ® I') given by (6.13) are indexed identically. Moreover, an easy
calculation shows that

[(s,t) n® = P(s,1) and so [*(s,t) n & = D*(s,1). (6.15)

As a result, we can interpret the cancellation-free antipode formula (6.13) of any shifted
complex ® quasi-geometrically by taking I' to be any shifted matroid containing ®, so that
the terms u® ®*(s, t) in (6.13) correspond bijectively to the faces of the base polytope of I.
For example, I' could be taken to be the matroid hull of ® (the unique smallest shifted
matroid containing ®, generated by the Gale join of all its facets).

7. THE ANTIPODE IN OGP™

The goal of this section is to establish an antipode formula for the Hopf monoid OGP,
and thus for its submonoids OGP and OMat. The argument is modeled after Aguiar and
Ardila’s topological calculation of the antipode in GP* [1, Thm. 1.6.1]. It works in general
for OGP™. The computations rely heavily on the normal fan of the polyhedron and the
fact that it is (topologically) closed even for unbounded polyhedra. This implies that the
closure of the normal cone of a face still makes sense in constructing objects such as £ and
F below.

7.1. Scrope complexes. We begin by describing a class of simplicial complexes that will
play a key role in the computation of the antipode on OGP™.

Definition 7.1. A Scrope complex’ is a simplicial complex on vertices [k — 1] that is either
a simplex, or is generated by faces of the form [k — 1|\[z,y — 1] = [l,z — 1] U [y, k — 1],
wherel <z <y <k.lfz= ((z1,%1),..., (2, y,)) is alist of ordered pairs of integers in [k]
with z; < y; for each i, we set p; = [k — 1]\[z;,y; — 1] for 1 < ¢ < r and define

Scr(k,z) = {p1,..., ).

The facets of a Scrope complex correspond to the intervals [z, y — 1] that are minimal
with respect to inclusion. By removing redundant generators, we may assume that it is
either the full simplex on [k—1], or can be written as Scr(k,z) where 1 < z; < -+ <z, < k;
1<y <<y, <k;and z; < y; for each i.

To justify the above notational choices, we will be considering Scrope complexes whose
vertices correspond to the k — 1 separators in a natural set composition of {1,2,...,k}.
Thus [k — 1]\[z,y — 1] is the set of separators in the set composition whose only non-
singleton block is {z,z + 1,...,y — 1, y}, namely

2 Jza+l - y—1yly+1] |k
A Scrope complex can be recognized by its facet-vertex incidence matrix, which we will

represent as a r x (k— 1) table whose (i, j) entry is » or - according as j € ¢; or j ¢ ;. Thus

"Named after the winner of an important 1389 case in English heraldry law, concerning a coat of arms
that looks a lot like the dots-and-stars diagram.
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each row consists of a (possibly empty) sequence of dots sandwiched between two (pos-
sibly empty) sequences of stars. For example, if k = 7and z = ((1, 3),(2,4),(3,6), (4,7))
then Scr(n, z) = (3456, 1456, 126, 123) is represented by the following diagram:

*

*x %
*x %

* % %

b S S

*
*x K

It is easy to see from this description that the class of Scrope complexes is stable under
taking induced subcomplexes.

Proposition 7.2. Every nontrivial Scrope complex is either contractible or a homotopy sphere.

Proof. LetI" = (¢4, ..., ¢,) be a Scrope complex, labeled as above. One trivial case is that
r =1,z = 1,and y; = k, which we allow for inductive purposes. In this case I' is the
trivial complex, which we regard as the (—1)-sphere. Otherwise, if r = 1, then I' is a
simplex, hence contractible. Also, if y, < k, then each facet contains vertex k — 1, so I' is
again contractible. Therefore, suppose that » > 1 and y, = k, so that ¢, = [1,z, — 1].

Let[' = {p1,-..,¢r—1). This complex is certainly a cone with apex k£ — 1, hence con-

tractible. Now T is the union of the contractible complexes I and (g, ), attached along
their intersection I, namely

<‘Pr>mf:<90rm@i: I<i<r-1)
=Lz, —1]n([Lz; = 1] Ulyn—1]): 1<i<r-1)
={1,z; = 1] v |y;,min(z, —1,n—1)]: 1 <i<r—1)
which is evidently itself a (possibly trivial) Scrope complex. By induction, either I is

contractible, which implies that I" is contractible as well, or else I'' ~ S? for some ¢, which
implies I' ~ St O

Corollary 7.3. The reduced Euler characteristic of every Scrope complex is 0, 1, or —1.

As a corollary of the proof, the reduced Euler characteristic of a Scrope complex can be
computed recursively, with computation time linear in the number of generators r = |z|.

7.2. The antipode calculation. Throughout this section, I will denote a set of size n and
w, u linear orders on /. Let W = comp(w) be the maximal set composition corresponding
to w, and let D = D(w, u) be the u-descent set composition of w (Definition 2.5). Define
fans and albums as follows:

E=Cpu=1{oa€Cy: DA}, E=E,,={A:0ael}={A: DIAIW}
F=Fpu=1{0a€Cy: DAA}, F=F,u={A:o0aeF}={A:DAA AIW}

(we repeat the definition of E from (2.13)).
The topological realization of the Boolean algebra Cyy is the (n—2)-simplex C,, = "2 n
Cw = (Fw). The descent set composition D = D(w, u) corresponds to the face § = Cp of

this simplex, and F corresponds to the closed subcomplex F,,,, < (¥, consisting of faces
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not containing 4. In particular,
%) if D] =1 = u=uw,
B"3 if1 < |D| <n,

S*3  if D] =n — u=uw

v

«Fw,u

lle

rev

In fact we can say more about the structure of F: it is obtained by coning the boundary
of the simplex (§) successively with each vertex in ¢,,\d. It is worth mentioning that if 7
is nonempty then it is a very special kind of shellable complex: a pure full-dimensional
subcomplex of a simplex boundary. In particular, when F = B"~3, then the set of star
points of F is the union of the cones C} for all set compositions A such that A < W and
OA M 0= @

With this setup in hand, we now move to the main calculation of this section. Let w ® p
be a basis element of OGP [I]. We start with the Takeuchi formula:

s(w@p) = > D uaAawep) = D ()M pa(Aa(w)) @ pa(Aa(p))
A=(A1,...,Ap)EI AET
= M (D)PMu@pa (by (2.12) and (2.15))
AET uely[I]

= Z Z (1)l @pa _ 2 Z( Z (—1)A|>u®q

ely[I AFI: ely[I] qe A€E: pp=
uctyll] D(w,u) AW u€ly [I] 9€F(p) A=q

where §(p) denotes the set of faces of p. Thus we need to calculate the coefficient

agp = > (DR = Y™ = Y (-1t (7.1)

A€eE: pa=q AEEmCZ2 oe€nCy

where () is the normal preposet of q.

As a consequence of this partial calculation, we can identify two useful necessary con-
ditions on nonzero terms in the antipode (expressed in equivalent geometric and combi-
natorial forms).

Proposition 7.4 (Locality of antipode in OGP ™). Suppose that a;y?? # 0. Then
Cup N C;’ #* or equivalently Cw n Cy # and (*)
op € Cy or equivalently D e Cp. (%)
Proof. First, E = Cy, so if () fails then the sum in (7.1) is empty. (In fact, (x) follows from

the third line of the calculation of s(w ® p) above.) If (x*) fails, then E n C; = ¢ (since C,
is closed under coarsening), whence E n C; = ¢J and the sum in (7.1) is again empty. [

Recall from §2.2 that a preposet ) with ground set S is w-natural with respect to an
ordering w on S if, for all z,y € S with w(z) > w(y) and = < y, we have x =¢ v.

Corollary 7.5. If a;! # 0, then Q) is w-natural.

Proof. Let © < y be a relation and A a set composition such that A € Cy n C3. By
Lemma 2.2 z,y are in different blocks of A, and by w-naturality of A we have w!(z) <

w~Y(y). Therefore Q is w-natural. O
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Proposition 7.4 says that the support of s°“F (w ® p) is local with respect to the braid
cone o0,,. Condition () is stronger than the property that the face g associated to the
preposet () must contain the vertex p,,: A face can contain the vertex p,, without Condi-
tion (), as in Example 7.7.

Remark 7.6. By contrast, the antipode in L x GP (as opposed to L* x GP) is not local.
For example, let p = R" be the standard permutohedron, whose normal fan is the braid
fan B,. In particular, if A € Comp(n), then pa 0 Ax(p) = pa is the unique face of p with
normal cone o4 € B,,. Thus

L><GP

P (w @ p) = ZMAAL ) ®Ppa-

Here each term in the sum is an element of the canonical basis of L x GP[] and the second
part of the tensor is different for all terms. Thus all faces of p appear in the antipode, and
we see that the algebraic structure of L x GP is not local.

Example 7.7. Let w = 1234 € &,, and let p be the hypersimplex A, 4 (see §8.3), which
is an octahedron with vertices 0011,0101,0110,1001,1010,1100 € R* (abbreviating, e.g.,
0011 = (0,0, 1,1)). By the characterization of faces of hypersimplices (Prop. 8.3), the only
faces of p that occur in the support of s(w ® p) are as indicated in Figure 5. (Their names
q(A, B) will be explained in §8.3.) The symbol conv means convex hull.

0011
q(12,34) = conv(0011)
1010 1001 q(1,4) = conv(0011,0101)
q(,4) = conv(0011, 0101, 1001)
0110 0101 q(l, ) = onv( 011,0101,0110)
(2, D) =
1100

FIGURE 5. Locality for the hypersimplex A 4.

<

For the purpose of calculating a;¥, we assume from now on that conditions (*) and (xx)
hold for the pair u, q. We start by rewriting a,; ¥ as a sum of “reduced Euler characteristics”
over fans:

wP

Ay = X1 — X2 — X3;
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where

TR DR S L L S G )

aeCmeq AECW(\CQ

Xa= D, (=) = 3 (=D,
oeFnCq AeFnCq

X3 = Z (_1)dima _ Z (_1)\A\
0eENdCy AeEndCq

In light of the argument of [1, Thm. 1.6.1], one might expect our calculation of a;} to
proceed by expressing £ N C; = (C,\F) N (C4\0Cy) as a signed sum of the four closed fans
Cy N Cq, F nCq, Cyy n 0OCy, }" N 0Cq. As it happenes, it is difficult to determine the reduced
Euler characteristics of the last two of these fans, but it is feasible (via the theory of Scrope
complexes, as we will see) to analyze the single (non-closed) fan £ n dC,i.

We will now calculate each of x;, x2, and x3 separately, working either geometrically
or combinatorially as convenient and assuming in each case that the conditions of Propo-
sition 7.4 hold.

Proposition 7.8. Under the locality assumptions of Proposition 7.4, we have

-1 ifu=wp=qandD =N, p =A,,
X1 = .
0 otherwise.

Proof. The fan C,, n Cq = Cx,, , (Proposition 2.1) is convex and closed and is nonempty

(because it contains o,,). Therefore, Cx, o is either the trivial simplicial complex {}
(when N, p = Ay) or a topological ball (otherwise). Hence x; is equal to —1if N, o = Ag
and 0 otherwise.

In fact we can sharpen this statement by incorporating the locality assumptions. First,
by (x), we can replace the condition Cyw n Cp = {Ag} with Cyw n C = {Ao}. For this to
happen, it is necessary that q = p. Moreover, since D € Cy by assumption (x*), the case
X1 = —1 occurs only when D = A, or equivalently u = w. O

Remark 7.9. The conditions q = p and v = w are not sufficient to imply x; = —1 (see
Example 7.19), although the three conditions q = p, u = w, and dim p = n — 1 together are
sufficient.

Proposition 7.10. Under the locality assumptions of Proposition 7.4, we have

(= 1)ds@Te) iy 2 wand D = Ny, o, and Con Cu # I,
X2 =17 otherwise.

Proof. There are three cases to consider.

(1) If |ID| = 1 (i.e., D = Ay), then F = ¢ and clearly x» = 0. Therefore, in the remaining
cases, we assume henceforth that |D| > 1, or equivalently u # w.

(2) If C, contains a star point of F other than the origin — that is, if it contains some
cone o suchthat Ag # A < Wand AAD = Ay, — then that point is also a star point
of F n C,. Therefore, intersecting with "2 produces a topological ball, whose

reduced Euler characteristic x» vanishes. (This case occurs only when 1 < |D| < n.)
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(3) Suppose that C, contains no star point of 7. That is, no cone o4 € F n(,, other than
o4, satisfies A A D = Ag. But in particular this is true when o, is a ray in C, so in
fact C,, n Cy < [Ag, op| = Cp and then equality holds by assumption (x*). Since F
contains every cone in Cp other than oy, itself, it follows that 7 n C; = Cp\{op} =

0Cp and therefore x, = —(—1)3meop = (—1)des(™'w) by (2.11),
Now rewriting the results of the case analysis combinatorially gives the desired formula

for . (The first locality assumption = was not used, so it needs to be included in the first
case of the formula.) O

Proposition 7.11. Under the locality assumptions of Proposition 7.4, we have

Yo (—1)desy(G)  if D e dCqand Cy N Cy # &
3 0 otherwise,

where G = G(Q, w, ) is a certain Scrope complex (to be constructed in the proof).

Proof. Recall that x3 = Y. ,.c(—1)", where G = G(Q,w,u) = E n 0Cq. By Lemma 2.2 and
Prop. 2.1, we have

G={AeCy: D<JA I W and A collapses some relation of ()}
= {A e Comp(I): D <A <N and A collapses some relation of ()} (7.3)

where N = N, ¢ is the w-naturalization of () (see §2.2). Now, given a pair ¢;,d; € I
such that ¢; <¢ d; and ¢; =p d,, let N,, and N,, be the blocks of N containing ¢; and d;
respectively (so that z; < y;), and let

Sl:Nl‘ |er*1|NIzUUNyz|Nyz+1‘ |Nk

Then S; € G by (7.3). Moreover, every set composition in G is refined by or equal to some
S;. In other words,

o~ .5

The maximal Boolean intervals [D, S;] of this form are those for which the integer interval
[c;,d;] is minimal; in this case we call ¢; < d; a short relation. Thus in computing G it
suffices to consider only short relations.

As usual, let us identify every set composition in [D, W] with the simplex on its sep-
arators (by passing to braid cones and intersecting with S"~2, as in §2.2). Then the sim-
plicial complex G = G(Q,w, u) corresponding to G is a Scrope complex whose vertices
correspond to the separators between blocks of N; specifically, G = Scr(k,z), where z =

—1

((z1,91), - -, (@, yr)). Tt follows that x5 = (—1)PI71y(G) = (—1)d=@"wIy(G) € {0,-1,1},
as desired.

For the locality assumptions, note that D € 0C, directly implies (xx). Condition () did
not arise in the calculation, so it is incorporated directly into the formula for . O

Example 7.12. Let w = u = 12345678 (as linear orders) so that D = A, = 12345678. Let )

be the w-natural preposet shown below, so that that N = 1|234|567|8.
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567 8

|

234

1
The set compositions A such thatD < A < N are
12345678 1234567|8  1234/5678  1234/567|8
12345678 1/234567|8  1]|234/5678  1]|234|567|8

where each of the short relations 1 <¢ 2 and 3 <¢ 5 is marked whenever it occurs in a
block. Thus the last two set compositions listed do not belong to G. Moreover,

G = [D, 512] U [D, 335]
— [12345678, 1234/567|8] U [12345678, 1|234567|8]
whose geometric realization is shown below. Note that x(G) = 0.

1234|567|8 1/234567|8
° ® )

1234(5678 1234567|8 1|234567|8

<

Proposition 7.13. The formula a;)} = x1 — X2 — X3 is multiplicity- and cancellation-free. That
is, each of the terms x1, X2, x3 15 0, 1, or —1, and at most one of them is nonzero.

Proof. First, suppose that x; # 0. Then by Proposition 7.8 © = w (so D = Ap) and p = q.
It follows from Proposition 7.10 that x, = 0. Moreover, the preposet () has no proper
relations, so G = ¢ and x3 = 0.

Second, suppose that x; = 0 and x2 # 0. Then D € Cy, but then D ¢ 0Cp and so
X3 = 0. O

By Proposition 7.13, we can combine Propositions 7.8, 7.10, and 7.11 into a single for-
mula for the coefficients of the antipode:

-1 ifu=w,p=gq,and D =N, p = A,
o —(—1)des(uw) if D # Ay and D = N, and Cy n C) # &,
wd — (=13 Y(G(Q, w,u)) if D e dCqand Cw N C # &,
0 otherwise.
(7.4)
We can finally write down a combinatorial formula for the antipode in OGP ™:
s(w®p) = —{wRp — > (D)t gq
o
(7.5)

- Y (CDTIYG(Qw u)u g

(u,q)€€p [T]xF(p):
DedCq, CwnCy#D
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where {is 1if CiynCp = {Ay} and 0 otherwise. (In particular, { = 1if p has full dimension
1] - 1)

In fact this expression can be simplified. Suppose we extend the range of summation
for u in the first sum from £,[I]\{w} to £,[I]. If v = w, then D = Ay and Cp = {A}, so
Cw n Cqp = Cpif and only if Ay € Cp, i.e.,, g = p and £ = 1. Therefore, we can absorb the
term —&w ® p into the first sum to obtain the final result, as follows.

Theorem 7.14. The antipode in OGP is given by the formula

es(u™tw es(u™tw) =/
swep) = Y ()L S (e G
(u,q)elp [I]xF(p): (u,q)elp [I]xF(p):
D=Ny.q, CwnCH~D DedCq, CwnCo# D
| = 1 = ]
(7.6)

where G = G(Q, w, u) is the Scrope complex defined above.

Remark 7.15. Recall that summing over all w € &,, produces the much simpler expres-
sion (4.6). Itis notimmediately clear why so much cancellation occurs in that symmetriza-
tion.

Remark 7.16. It is tempting to try to combine s; and s, into a single sum. To accom-
plish this, it is necessary to understand the Scrope complex G(Q, w, u) in the case D = N.
By (7.3), if N € 0Cq then G = {N}, while if N e Cf then G = . But in the first of those
cases the condition Cy n Cg, # (J fails, while in the second case x(G) = x(J) is 0, not 1,
so the sums cannot be combined.

Remark 7.17. The expression s, may contain some zero summands, since Scrope com-
plexes can be contractible. However, it is not clear how to predict when this will happen.
It would be helpful to have a non-recursive way of determining the topology of a Scrope
complex. On the other hand, when D € 0C(, is a maximal element, then the corresponding
Scrope is the trivial complex, whose Euler characteristic is nonzero. So s, is nonzero.

Example 7.18. The sign of a term ©®q in s(w®p) may depend on u as well as on q. For ex-
ample, let p be the three-dimensional cone of Example 2.3. This cone has a unique vertex
q = (1,2,3,4), whose normal cone C, is the union of three braid cones (see Figure 1). Let
w = 1234. The intersection 0C; n C,, has two maximal elements, the vertex 1|234 and the
edge 12|3|4. Hence if u = 2314, then D(w, u) = 1234 € C;nC,, and (—1)'+dese ) 5(G) = 1,
Else if u = 4312, then D(w, u) = 12|34 € C; n C,, and (—1)1+dese ) g(G) = —1. <

Example 7.19. We give an example of an antipode calculation for an unbounded polytope.
Let p be the segment conv{(1,0,0), (0,1,0)}, and let p’ be the ray with vertex (0, 1,0) and
direction (1,—1,0). Thus p’ > p, and in fact the normal fan N, is a non-complete subfan
of N,, as shown below.

The computation of s(w®p) is shown in the table below. If p’ is bounded in the direction
given by w (that is, if the braid cone o,, appears in N,,), then the computation of s(w ® p’)

is identical to that of s(w ® p), replacing p with p’. Note that the point a, which is a face of
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a b b

—o —

p p

3|12 3|12
23‘\1\\\\ 3|2|1 3|1|2 ///’i3|2 3|1|2 ///’13‘2

Ng(a) 2311 Apel 132 AR(b) Ao#” 132 M)

21377 g3 | 123 -3 123 .12

123 123

N Ny

p but not of p’, does not appear in these cases.

w X1 X2 X3 p’ bounded?
123 0 (132 +312)®@p —321®b | (—132-312)®b Yes
132 | —132®p -231®6b +132® b Yes
312 0 (123 +132) @ p — 213®@b | (—123 — 132) @b Yes
321 0 (213 +231)®@p — 123Q@a | (213 - 231)®@a No
231 | -231®p —-132®a +231®a No
213 0 (231 +321)®@p —312®a | (—231 —321)®a No

Observe that each row is itself cancellation-free, and that adding rows together recovers
the symmetrized formulas

Z s(w®p) = Z w® (p—a—b)and Z s(wp') = Z wp — Z w®b

'LUGGg ”LUEG:; ’LUENp/ wENp/ w663

confirming (4.6) in this case. <

8. SPECIAL CASES OF THE ANTIPODE

In this section, we specialize the antipode formula of Theorem 7.14 to several natural
families of OGPs: standard permutohedra, hypersimplices, and zonotopes of star graphs.
We discuss the difficulties involved in calculating the antipode for other families, includ-
ing general graphical zonotopes and matroid complexes. Throughout, we fix the ground
set I = [n], so that we can identify orderings in £[/] with permutations in &,,.

8.1. The standard permutohedron. Let p = I1,,_; = RI"l be the standard permutohedron
(see §2.3), let w € &,,, and let W = comp(w). The normal fan of II,,_; is exactly the braid

fan, so its faces q = p are labeled by set compositions (), and every Cg is a principal
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order ideal (in fact a Boolean interval) in Comp(n). We compute the antipode of w ® II,,_;
using Theorem 7.14.

(1) Since (Q must be w-natural in order to show up in the antipode (Corollary 7.5), the
condition Cyy n Cy = Cp becomes simply Cy = Cp, or @@ = D. Therefore, the first
sum in Theorem 7.14 becomes

5, = Z (_1)des(zr1w)u®pQ — (_1)|Q\ Z U@pQ
u,Q: D(w,u)=0Q w:D(w,u)=Q

(2) The condition D(w, u) € 0Cq is equivalent to D(w,u) < Q. Since () is a set compo-
sition, we have Q = N,so G = {A: D < A < @}, which is a Boolean interval with
its top element missing. Therefore § = G(Q, w, u) is the boundary of a simplex of
dimension |Q| — [D| — 1 = |Q| — des(u™") — 2 and so Y(G) = (—1)@l=des(«™)_ Sp the
second sum in Theorem 7.14 becomes

s = (1) Y (DRt g pg = (-1 Y u®pe.
©,Q: D(w,u)<Q u,Q: D(w,u)<Q
Putting the two sums together gives

S(U)@Hn_l) =S| +Sy = 2 (—1)|Q| 2 U@pQ (81)

Q@ w-natural w: D(w,u)<Q
The condition D(w, u) < @Q is equivalent to Des(u™'w) < {|Q1], |Q1| + |Q2l, ..., |Q1] + -+ +
|Qr_1]}, where Q = Q1] |Qy. See [45, §1.4] for more information about enumerating

permutations according to their descent set.

8.2. Spider preposets. For our next two examples of antipodes in OGP™, we need the
following family of preposets.

Definition 8.1. Let A, B be disjoint subsets of I. The corresponding spider Q = Q(A, B)
is the preposet on I such that C = C(Q) = I\(A u B) is a block of () (called the center),
and every other element is a singleton block; C lies above the singletons in A and below
the singletons in B.

Let w be a linear order on [n] such that () is w-natural, and let W = comp(w). Equiv-
alently, A and B are respectively initial and final segments of w; thatis, A = iniy(w) =
{w(1),...,w(k)} and B = finy(w) = {w(n — ¢ —1),...,w(n)}. For the purpose of the
antipode formula, we need to understand the poset 0Cy n Cy.

Write A = {a1,...,a;} and B = {by, ..., bs}, with elements indexed according to their
order in w. Define set compositions

No=ar| - |aw1|ap|C[b[by] - [by,
Ng=ar| - |apa|auC[b|by| - |by,
Nl&?:a1| e Jagg ag | Cuby | ba| - | by,
N =qay | - |ag1|axwC Uby |by] - | by

Here N is the same set composition defined in the proof of Proposition 7.11; moreover,
0Cq n Cyy is the order ideal of Comp(n) generated by N¢, and N7,. In all cases, the interval
[Ng.Ng] = {N&,Ng, Ny, Ny} is Boolean; lrl;)wever, if one or more of A, B,C is empty,



then some of these set compositions coincide. If two or more of A, B, C vanish, then
Ng = Ng = N% = N&.

Lemma 8.2. Let Q = Q(A, B) be a spider on [n] and w a linear order on [n] such that Q) is

w-natural. Let v € &, and D = D(w,u), and G = G(q,w, ), as constructed in the proof of
Proposition 7.11. Then

X - {é_l)lQi_iD' NG A 2 Ng,
otherwise.

Proof. If at least two of A, B, C are empty, then G is the void complex, with reduced Euler

characteristic 0. Meanwhile, the interval [Nggb, Ng] is trivial, so the condition N“Qb <D«

Ny is impossible.

If A= g and B,C # ¢, then () has one short relation, namely C' < b, so G~ [D, NZ)]/
which is either a simplex or void (hence has reduced Euler characteristic zero) unless
D= N’é = N“Qb. In this case G is the trivial complex, with reduced Euler characteristic —1.
The case that B = (J and A, C' # (J is analogous.

Similarly, if C' = ¢ and A, B # (7, then again () has one short relation, namely a;, <¢ b1,
so G =~ [D, N%], whose Euler characteristic is —1 if D = N and 0 otherwise.

Finally, suppose that A, B, C are all nonempty. Then () has two short relations, namely
ar <o C and C < by. Thus the face poset of G is isomorphic to [D,N§] u [D,Np] =
Comp(n). The cases are as follows:

o If D = Ng’ then G ~ S°, whose reduced Euler characteristic is +1.

o IfD=NgorS = N%  then G is the trivial complex, with reduced Euler character-
istic —1.

e If D coarsens exactly one of N or N, then the face poset is Boolean of positive
rank, so Cisa simplex, hence contractible.

e IfD « N‘éb, then G is the union of two simplices that intersect in a common subface,
so again it is contractible.

e Otherwise, G is the void complex.
Thus the claimed formula holds in all cases. O

8.3. Hypersimplices. For positive integers n > r, the (n, r) hypersimplex is defined as
the polytope

A(n,r) = {(:Ul,...,mn)e [O,l]”:iazi =7"}.

The hypersimplex is the matroid base polytope of the uniform matroid of rank r on n
ground elements; in particular, it is a generalized permutohedron of dimension n — 1.
Its vertices are the vectors (z1, ..., z,) with exactly r entries equal to 1 and the rest equal
to zero. In particular, A(n,0) is a point and A(n,1) is the standard simplex, and the
polytopes A(n,r) and A(n,n — r) are congruent.

It is not hard to describe and count the faces of a hypersimplex, but we have been

unable to find an explicit statement in the literature, so we give a short proof here.
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Proposition 8.3. The faces of A(n,r) are precisely the polytopes
q(A,B) = {(z1,...,2,) € Aln,r): 2,=0VYaecA, z,=1Vbe B} (8.2)

where A, B are disjoint subsets of [n] such that either |A| = n — r and |B| = r (when q(A, B) is
a vertex) or |A| < n—rand |B| < r (when dim q(A, B) = n—1—|A| —|B|). Consequently, the
number of d-dimensional faces is

r—1

fO(A(n,r))z(:), fd(A(n,r))=<dil) 3 <"_Z_1> (l<d<n-—1).

k=r—d

Proof. Let A(z1,...,x,) = Mxy + -+ + A\,z, be a linear functional on R™. Without loss of
generality, suppose A\; < --- < A,,. If A\, < A4, then A is maximized uniquely at the vertex
q([1,n—r],[n—7r+1,n]). Otherwise, leti, jbesuchthat \;, < \jy1 = = \pp = A\yyy1 =
-+ = Aj—1 < Aj. Then X\ is maximized at the vertices in q([1,¢], [j,n]), and |[1,i]| <n —r
and |[7,n]| <. O

The normal preposet of q(A, B) is the spider (A, B) of Definition 8.1.

For w € G, the spider (A, B) is w-natural if and only if A and B are initial and final
segments of w, say A = ini;(w) and B = fin,(w). In this case we write Q(A, B) = Q},,
and we also write g}/, for the corresponding face of A(n,r). By Corollary 7.5, the g}/, are
the only faces occurring in the antipode of w ® A(n,r). This is a strong restriction; for
instance, the only vertex that can occur is ¢,,_,,. For A(4,2) and w = [1234], the w-natural
faces are those indicated in Figure 5.

Theorem 8.4. Let w e £[I]| = &,,. Then

swAm, )=, ), u®(-1)"my
k.t uel[I]:
N <ID(w,u)<INg

where either (k,{) = (n —r,r),orelse 0 <k <n—rand 0 < { <r;Q = Qy, and q = q,.

The condition N < D(w, u) < Ng in the above formula is equivalent to [1,k—1] U [n—
l,n—1] € Des(u™'w) < [L,k]u[n—¢—1,n—1].

Proof. In s; we have D = Ny, so that des(u™'w) + 1 = |D| = |[Ng| = |Q| = n — dimg.
Meanwhile, by Lemma 8.2, the summand in s, vanishes unless D € {Ng, N’é, N‘f‘Q”}, all of
which belong to dCg. Therefore, Theorem 7.14 boils down to

sw@Am,r)=> > (~D%u®q+)] D (—1)Pl(=1)@-IPly @ g,

kl  uel[l]: uel[I]:
D(w,u)=Ngq NP <D (w,u)<INg
and combining the two sums and rewriting in terms of q gives the theorem. O

Another example that can be computed using similar ideas to Theorem 8.4 is the case

of zonotopes of star graphs.
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8.4. Zonotopes of stars. Let G be a simple graph on vertex set [n]. The corresponding
graphical zonotope is the Minkowski sum };; s;;, where ij ranges over all edges of G and
s;; is the line segment from e; to e;. There does not appear to be a combinatorial formula
for the antipode of an ordered graphic zonotope, since we lack a general description of
the preposets corresponding to normal cones of faces. However, in the following special
case, we can give an explicit formula. Let G = St(n, ¢) be the star graph with center vertex
c and leaves [n]\{c}, for some c € [n], so that the corresponding zonotope is

3,170:251-02 {(ml,...,xn)e]R”: ZIZ =n—-1, 0<z;<1 Vj;éc}, (8.3)
i#c =1

which is a parallelepiped. The faces of 3, . are precisely the polytopes
q(A, B) = {(z1,...,2,) €3(n,c): 2,=0Vae A, x,=1 Ybe B}

where A, B are disjoint subsets of [n]\{c}. We reuse the notation of the previous example
because, as before, dim q(A, B) = n — 1 — |A| — | B, and the normal preposet of q(A, B)
is the spider Q(A, B) of Definition 8.1; the spiders that arise are precisely those whose
center contains c.

Theorem 8.5. Let w € {[I]| = &,,. Then
sw@s(nc) =), ), u®(-1)""y
ol

uel[I]:
N2b <D (w,u)<INg

where k, { are nonnegative integers with k < w='(c) — land { <n —w™*(c), and q = qi .

The proof is the same as in Theorem 8.4 mutatis mutandis.

In general, an explicit antipode formula for a class of generalized permutohedra re-
quires a description of their normal fans in terms of preposets, as well as an understand-
ing of the Scrope complexes that arise in the s, piece of Theorem 7.14. For this reason, it is
probably intractable to ask for a formula for a class as large as all matroid polytopes, for
instance.

9. OPEN QUESTIONS

(1) Is there a closed formula for the Euler characteristic of a Scrope complex? For
individual examples it can be calculated efficiently using Proposition 7.2, but for
the purpose of simplifying antipode calculations it would be better to have a non-
recursive combinatorial condition in terms of the intervals that define facets. Are
they instances of the cell complexes described in [5, §7.7] and [6, §12.9] whose
Euler characteristics compute antipode coefficients for Hopf monoids relative to a
hyperplane arrangement? (The last question was suggested to the authors by an
anonymous referee.)

(2) A character on a Hopf monoid H is essentially a multiplicative function: a collec-
tion of linear maps ¢ : H[I] — C such that ((z - y) = ((2)((y); see [1, §2.1] for
details. Ardila and Aguiar used character theory on GP and its submonoids for
numerous applications, including formulas for multiplicative and compositional
inverses of power series, polynomial invariants of Hopf monoids. What are the

parallel results for OGP ™ and its submonoids?
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(3) For what other families of ordered generalized permutohedra, other than those
studied in §8, does the general antipode formula (Theorem 7.14) simplify nicely?
Families of interest include associahedra and nestohedra; see [39]. As mentioned at
the end of §8, it is necessary to know their normal fans explicitly and to understand
which Scrope complexes arise in the antipode.

(4) The Hopf class OMAT of ordered matroids is geometric, in the sense that map-
ping every matroid to its base polytope gives an embedding OMat = OMAT’ —
OGP™. For which other Hopf classes is there a comparable geometric embedding?
Of particular interest is the Hopf class BC of broken-circuit complexes (see Exam-
ple 3.12), in light of their crucial role in the recent work of Ardila, Denham, and
Hubh [7]. Is there a maximal Hopf class that embeds in OGP, and if so, can it be
characterized in purely combinatorial terms? Aguiar and Ardila’s maximality the-
orem for GP [1, Thm. 1.5.1] implies that any such embedding necessarily involves
polyhedra that are either unbounded or contain vertices that are not 0/1 vectors.

(5) The basis elements of L* are permutations, which correspond to maximal cones in
the braid fan. We know that the antipode of an element w®p of OGP™ = L*x GP™
“sees” the local geometry of p near the vertex maximized by w. Can we replace
L* with some Hopf monoid H of set compositions (which correspond to all braid
cones), so that the antipode of A®p in the resulting Hadamard product H x GP™ is
local with respect to the face of p maximized by A? Aguiar and Mahajan [3, §§12.4—
12.5] describe a dual pair of Hopf monoids ¥, ¥* of set compositions and give
explicit antipode formulas; there are maps L — ¥ and ¥* — L* [3, Thm. 12.57]
arising from the inclusion of permutations into set compositions.

(6) The Hopf morphism T : OIGP* — OMat™" described in Proposition 5.3 is sur-
jective (by definition), but not injective. What is its kernel? What can be said
about 0/1 extended generalized permutohedra with the same indicator complex
(whether or not it is a matroid complex)?

(7) Ardila and Sanchez [9] recently studied valuations of generalized permutohedra
by passing to a quotient of GP* by inclusion/exclusion relations. They showed
that this quotient is isomorphic to a Hopf monoid of weighted ordered partitions.
One could look for an ordered analogue of their results, perhaps with a view to-
ward a notion of valuations compatible with linear orders.
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