
Math 725, Spring 2016 Problem Set #2

Instructions: Do all problems and typeset them in LATEX. E-mail the PDF file to Jeremy at jlmartin@ku.edu
under the filename your-last-name.pdf by Friday, February 12, 5:00pm. You are encouraged to use
the header file at http://www.math.ku.edu/„jmartin/math725/header.tex.

Problem #1 Let G “ pV,Eq be a connected graph, let T, T 1 P T pGq, and let e P T zT 1. Prove that there
exists an edge e1 P T 1zT such that both T ´ e` e1 and T 1 ` e´ e1 are spanning trees. (This is known as the
“symmetric exchange law.”)

Problem #2 (#2a) Let k ě 2 and let G be a k-regular bipartite graph. Prove that G has no cut-edge.
(Hint: Use the bipartite version of handshaking.)

(#2b) Construct a simple, connected, nonbipartite 3-regular graph with a cut-edge. (This shows that the
condition “bipartite” really is necessary in (a).)

Problem #3 Let Ln be the graph obtained from Kn by deleting one edge. Determine τpLnq. (Hint: Use
Cayley’s formula as a starting point.)

Problem #4 Let Fn be the graph obtained from Pn by adding a new vertex adjacent to every vertex
of Pn. For example, F1 – P2, F2 – K3, and F3 – L4 (as in the previous problem), and F6 is shown below.

Let an “ τpFnq. Use deletion/contraction to prove that an “ 3an´1 ´ an´2 for n ě 3. See if you can
recognize the sequence a1, a2, a3, a4 . . .

Problem #5 Let Kp,q denote the complete bipartite graph with partite sets of sizes p and q. Use the
Matrix-Tree Theorem to calculate τpKp,qq. (Suggestion: Find an explicit basis for Rp`q consisting of eigen-
vectors of the Laplacian matrix LpKp,qq.)

Problem #6 Let G be a connected graph with weight function w : EpGq Ñ Rě0.

(#6a) Suppose that C Ď G is a cycle and e P C is an edge of maximum weight (i.e., wpeq ě wpe1q for all
e1 P C). Prove that G has an MST not containing e.

(#6b) Use (a) to show that the following algorithm produces an MST for all G and w:

Let T := G
while T contains a cycle do:

Let C be a cycle
Let e be an edge of C of maximum weight
Set T := T ´ e

Return T
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