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Khovanov-Rozansky homology

Knots/Links
Triply graded
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Explicit construction, but very hard to compute!
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Categorified Young symmetrizers (Elias-Hogancamp)
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...Kn = t−n ...
...Kn+1 +qt−n ...
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,

3
...

...Kn+1 = (tn + a)
...

...Kn .

Remark
In particular, from (2) with n = 0 one gets

= K1 + q or (1− q) = K1 .
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Hogancamp-Mellit recursions
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R0000,000000(q, t, a)

0
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0
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0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0

K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0

K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0

K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Hogancamp-Mellit recursions

0

0

0

0

0 0 0 0 0 0

R0000,000000(q, t, a)

0

1

0

1

0 0 1 0 1 0
K2

R0101,001010(q, t, a)

Theorem (Hogancamp-Mellit)

R0u,0v = t−|u|Ru1,v1 + qt−|u|Ru0,v0, R1u,0v = Ru1,v, R∅,0n =

(
1 + a
1− q

)n

,

R1u,1v = (t |u| + a)Ru,v, R0u,1v = Ru,v1, R0m,∅ =

(
1 + a
1− q

)m

,

where R∅,∅ := 1.

Caprau-Gonzalez-Hogancamp-Mazin Recursions for KR Homology March 28, 2025 4 / 13



Rational Schröder polynomials
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∆ = Z≥0 \ {1,2,4} ∈ Inv0
3,5

cogen(∆) = {2,4}

Sn,m(q, t ,a) :=
∑

P∈Dyckn,m

tdinv(P)qarea(P)
∏

�∈AddBox(P)

(
1 + at−λ(�,P)

)
=

∑
∆∈Inv0

n,m

tdinv(∆)qarea(∆)
∏

k∈cogen(∆)

(
1 + at−λk (∆)

)
=(1− q)

∑
∆∈Invn,m

tdinv(∆)qarea(∆)
∏

k∈cogen(∆)

(
1 + at−λk (∆)

)
.
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Gorsky-M-Vazirani recursions

Let w = (w1,w2, . . . ,wn+m) ∈ {0,1}n+m be a binary sequence.

Invw = {∆ ∈ Invm,n : ∀ 0 ≤ k < m + n, k ∈ ∆⇔ wi = 1}.

Qw(q, t ,a) :=
∑

∆∈Invw

tdinv(∆)qarea(∆)
∏

k∈cogen(∆)

(
1 + at−λk (∆)

)
.

Theorem

Let v = (w1, . . . ,wn+m−1,1), v’ = (w1, . . . ,wn+m−1,0). Then

Qw =


q(Qv + Qv’), if w0 = wn = wm = 0,
qQv, if w0 = 0 and wn + wm = 1,
q
(
1 + atλ(v)

)
Qv, if w0 = 0 and wn = wm = 1,

tλ(w)Qv, if w0 = wn = wm = 1.
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Gorsky-M-Vazirani recursions
Let w = (w1,w2, . . . ,wn+m) ∈ {0,1}n+m be a binary sequence.

Invw = {∆ ∈ Invm,n : ∀ 0 ≤ k < m + n, k ∈ ∆⇔ wi = 1}.

Qw(q, t ,a) :=
∑

∆∈Invw

tdinv(∆)qarea(∆)
∏

k∈cogen(∆)

(
1 + at−λk (∆)

)
.
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Qw =
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Recursions Match!

Theorem (Gorsky-Mazin-Vazirani)

Sn,m(q, t ,a) =
1− q
qn+m Q0...0(q, t ,a) = (1−q)t

(n−1)(m−1)
2 R0...0,0...0(q, t−1,a).
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Shortcut torus knots

K1

0

1

0

0

0 0 1 0 0 0

Theorem
All knots that appear in the Hogancamp-Mellit recursion are the
shortcut torus knots (as above).
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Monotone knots of Galashin-Lam

Theorem (Galashin-Lam)
Up to an isotopy, the knot only depends on the partition under the
curve.
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Monotone Knots of Triangular Partitions

0

1

0

0

0 0 1 0 0 0

Theorem
Monotone knots of the triangular partitions are the shortcut torus knots.
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Triangular Schröder polynomials

τ - Triangular partition

(τ = (3,2) in the example)

5
08

311
6
19

412
7
210

0,5,8,10 are forced in, the rest are out

w = 1000010010100

Theorem

Sτ (q, t ,a) :=
∑

P∈Dyck(τ)

tdinv(P)qarea(P)
∏

�∈AddBox(P)

(
1 + at−λ(�,P)

)

=Qw(q, t ,a).
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Back to Hogancamp-Mellit Recursion

5
08

311
6
19

412
7
210

0

1

0

0

0 0 1 0 0 0

u = 0100, v = 001000

Theorem
Sτ (q, t ,a) = Qw(q, t ,a) = t |τ |Ru,v(q, t−1,a) = t |τ |PKR

β(τ)(q, t−1,a).
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Thank you!
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