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Tolytopes two equivalent definitions

facet
vertex

1111111

V polytope convex hull of finitelymanyptsA3 dim polytope
H polytope bounded intersectionofhalf spaces
















































etPbed dim.polytope.inIR

Supportfunction

hp Rd IR
Ei s ftp.T.es
















































et P be ddimpolytopein IR

Supportfunction

hp Rd IR Remarks hp is piecewise linear
51 11pct F P y t J hpw̅ to

NormalfanNCP consistsof the cones
CF JER hp5 ñg get

it

4.1V1
us Cu

ᵗʰ

v3
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polar Dual Polytopes
Given a d polytope in IR its polardual is

P xe̅R hpx ̅ x ̅ ER x ̅ F 1 forALLFEP
















































polar Dual Polytopes
Given a d polytope in IR its polardual is

P xe̅R hpx ̅ x ̅ ER x ̅ is 1 forALL w̅ vertices of P

Ex 0 P P p b Ia
















































polar Dual Polytopes
Given a d polytope in IR its polardual is

P xe̅R hpx ̅ l xe̅R ix 5 2 1 forALL w̅ vertices of P

Ex 1 1 0,1
4 42

Ls X 122 1

Vi 1,0 use E L2xz 1 0

3 11,11
P NCP PV

verticesofP maximalcones facetsofPVof NCP
















































polar Dual Polytopes
Given a d polytope in IR its polardual is

P xe̅R hpx ̅ l xE̅R ix 5 2 1 forALL w̅ vertices of P

Ex 1 1 0,1 it it

F2
14,0 us L 5ᵗʰ

Fi
3 11,11

P NCP PV

facets of P rays in NCP verticesof PV
















































polar Dual Polytopes

Remark P is a polytopewith 0 in its interior if and only if PV is also a polytope
inwhichcase Prep

2 1 2

I xzztV2 211

3 0 V1

V3 1 1

P
PV an unboundedpolyhedron
















































Dual Volume of Polytopes
Ex.O

P pr b
Vol PV t 5 Gb
















































Dual Volume of Polytopes
Ex O

P
















































Dual Volume of Polytopes
Ex.O

P

P x P x Eb a

Volle xp TÑxl

The dual volumefunctionofP
denotedby fp x
















































Dual Volume of Polytopes
Ex 2 Hi 0,1

P of sus PV
4 91 1 I

was

VollPY 3
















































Dual Volume of Polytopes
Ex 2A

d 211

P
13 1
















































Dual Volume of Polytopes
Ex 27 1 it 2 Xist x2

p x ̅
1 148 39 1 1 x2
















































Dual Volume of Polytopes
Ex 27 i xi.t.la 2 Xi 1 X2

P x ̅ sua P x ̅
1 Xi 1 2

8 39 1 1 x2 Us

fpx ̅ Vol P x ̅ hxalcitx.ptthx i x2 i xaf5 2x x2 5 2 1E HX
HXC1

654 2415 2 1X2
Remarks 1 fpx ̅ is a rationalfunction in Xi Xd

2 Writtenas onefraction
Denominator productof linearfactors each correspondingto afacetofP
Numetator coincideswith theadjointpolynomialofP
















































Dual Volume Function
Def GaoLamX
Let P be a non degeneratepolyhedron I G CN atriangulationofitsnormalfanNP
thedualvolumefunctionofP is

fp x ̅ In Ideta at

c coneEg ta EIhp Ii

Remarks 1 Fp x ̅ doesNOTdependon T
2 If x ̅ E int P then fp x ̅ Vol Px ̅
















































Dual Volume Function
Def GaoLamX
Let P be a non degeneratepolyhedron J G CN atriangulationofitsnormalfanNCP
thedualvolumefunctionofP is

Idetta Fall Adjp x ̅fp x ̅
c E ag Ithp.fi Fifacepts x ̅

Adjalt
Adjpx ̅

Adjp x ̅ the adjointofP
Warran 1996 Kohn Ranestad 2020
















































Dual Mixed Volume
LetP1 P2 betwo polytopes in IR Their Minkowski sum is thefollowing polytope

P1 Pa ftp piePi pieP2
















































Dual Mixed Volume
LetP1 P2 betwo polytopes in IR Their Minkowski sum is thefollowing polytope

P1 Pa ftp piePi pieP2

For a sequenceofpolytopes P Pi P2 Pr in Rd x ̅ X X2 Xr Rt
if eachPi is non degenerateand I int xP XrPr thedualmixedvolumefunction is

MP Xi Xr Vol xP t XrPr
















































Dual Mixed Volume
LetP1 P2 betwo polytopes in IR Their Minkowski sum is thefollowing polytope

P1 Pa ftp piePi pieP2

For a sequenceofpolytopes P Pi P2 Pr in Rd x ̅ X X2 Xr Rt
if eachPi is non degenerateand I int xP XrPr thedualmixedvolumefunction is

MP Xi Xr Vol xP t XrPry

Remarks MP is a rationalfunction in x Xr with degree d

Mp generalizesfpx ̅
denominator is a productoflinearfactors eachcorrespondingto a facetofXP
















































Jual Mixed Volumefunction

Def Let P P Pr be a regularsequenceofpolyhedra w normalfanNCP
Define hxp Xihp Xrhpr
ForanytriangulationTofNCP C is a simplicial cone in I generatedby thevectors
w̅ ted and let detC det UT to The dualmixedvolumefunctionis

EI det C offline hxp.tt
Mp x ̅

araTsanepshxp.tt

hxp.to inNCP18

I
















































Motivation from mixed volume

For a sequenceofconvexbodies S 51 Sr inRdand Xi Xr 0
Themixedvolumepolynomial

Vol x s t it xrSr Ʃ V
SingSid Xi Xia Xid
mixedvolumeofSin Sid

Alexandrov Fenchel inequality Minkowski1903 Alexandrov1938

V 51 5253 Sd V S1S153 Sd V S2S253 Sd
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Motivation from quantumphysics collider
machine

Scatteringof elementaryparticles v

What is theprobability ofpossible outcomes
Yum
Feymann

diagram

I
















































Motivation from quantumphysics collider
machine 7

Scatteringof elementaryparticles v

What is theprobability ofpossible outcomes
Yum

Scattering amplitude Id x ̅ Feymann

diagram

Rationalfunctionusedto predictoutcomesof experiments
Constrainedby informationaboutwhere thepoles and residues are

At tree level

I
















































Motivation from quantumphysics collider
machine

Scatteringof elementaryparticles
What is theprobability ofpossible outcomes

Yum
Scattering amplitude Id x ̅ Feymann

diagram

Rationalfunctionusedto predictoutcomesof experiments
Constrainedby informationaboutwhere thepoles and residues are

match with

combinatoricsof faces andboundariesofpolytopes
At tree level

M
















































Motivation from quantumphysics collider
machine

Scatteringof elementaryparticles v

What is theprobability ofpossible outcomes

Scattering amplitude Rdx ̅ fp x ̅ dx ̅
u

Rationalfunctionusedto predictoutcomesof experiments
Constrainedby informationaboutwhere thepoles and residues are

match with PositiveGeometry
combinatoricsof faces andboundariesofpolytopes
ArkaniHamedTrnka2013 ABL2017 At tree level
















































Our Findings
Properties and formulae

Integral formula
















































Our Findings
Properties and formulae

Integral formula
Dualvolume is valuative generalizing Filliman92 and Kuperburg03

15
4
22

h v5 t
v38 V4 4

P A B C
VolPV
















































Our Findings
Properties and formulae

Integral formula
Dualvolume is valuative

Dualmixedvolume is preservedunder mixed subdivisions
via theCayleytrick
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The Cayley Trick sturmfels94 HuberRambanSantos 00

ForP1P2 IR
bs

94
P2

P1
a a b bs

I
















































The Cayley Trick

ForP1P2 IR obs

CP1P2 is a polytope in IR P2

bi be

94

P1
a as

1 I
















































The Cayley Trick
A subdivisionof PiP2

ForP1P2 IR
a92AAbs A bbabs aAzbabs AldabibsCP1P2 is a polytope in IR P2

bi bs

94

P1
a as

C1 I
















































The Cayley Trick
A subdivisionof PiP2

ForP1P2EIR
a AzAsA4bs Aibbabs aAzbabs AldabibsCP1P2 is a polytope in IR P2

bz
11

IT

Mixed subdivisionof P XP

A Actbibs y
91929394 63Pt

a as

p
Ta Azt babs

A bibabs
















































Other Formulae

Zonotopes Deletion Contraction

Generalized permutahedra

Associahedra ScatteringAmplitude

Questions Futuredirections
the numerator of Mp x ̅

when are the coefficients positive

discrete version dualmixedEhrhartpolynomial Lam2025

43planaramplitudeattreelevel
















































Thank you
hnnieE'tnfaFts

Yaron
afloatthroat


