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Notation and definitions

> X =X1,X2,...,Xn
> S=k[x] = @ k{x}
beN”

» monomial: xP = xf’lxé’2 - xb

» squarefree monomial: each b; is either 0 or 1

» [: monomial ideal

v

free module of rank r: direct sum S" of copies of S

> a free resolution of /: a complex of free modules
Foi0—Fo & Fe —F 1 & F«0

that is exact everywhere except in homological degree 0,
where | = Fy/im(1)
> " Betti number of / in degree b: the rank Bib

Fi= & 5(—b)5f«b in a minimal free resolution of /
beNn



Koszul simplicial complexes

> KP/ = {squarefree 7 | xP~7 € I} _
» Hochster's formula [Hochster 1977]: 7

Bipl = dimgH;_1(K®I; k)
» Modules in a free resolution of /:

Fi= P Hi1(K®1;k) @y k[x](—b)
ben

» Define a map F;_; < F; by defining a map
Ci_a(K1) « Ci_1(K®1)

that induces a well-defined homomorphism on homology



Shrubberies, stakes, and hedges

> K;: set of i-faces of a simplicial complex K

> shruNbbery T; C K;: set of i-faces such that 9T; is a k-basis
for B,',l

» shrubbery = spanning tree or spanning forest

> stake set §; 1 C Ki_1: set of (i — 1)-faces such that
Ki—1 \ Si—1 gives a basis for C;_1/Bj_1

» hedge ST;: a pair (5, 1, T;) consisting of a stake set 5; ; of
dimension i — 1 and a shrubbery T; of dimension /

a
T1 = {ac, bc, bd, de}
b ¢ Sy={b.c.d e}
d e STi=(% T)



Splittings from shrubberies and stake sets

> A splitting of a complex C, consists of a differential
dt = di+ G — C,'+1

such that dd*d = d and dTdd* = d™.
» This is equivalent to a direct sum decomposition
Ci = B!_; ® H; ® Bj, where B; is the image d(Ci;1), H; is
isomorphic to H;(C.), and B/_, is isomorphic to B;_;.
» Each hedge ST; = (Si_1, T;) defines a hedge splitting
d;-,—i . C,'_l — C,' via
1. dtd(t)=tforalltcT;
2. dt(s)=0forallse S,
> A community is a sequence of hedges
ST.=(STy,ST1,ST,,...) such that ;N S; =0, and it
defines a differential d* comprised of hedge splittings.



Minimal free resolutions from hedge splittings

Theorem (Eagon-Miller-O. 2019)

Fix a monomial ideal I. Any hedge splittings dlj of the boundary
maps dy, of the Koszul simplicial complexes K®1 yield a minimal
free resolution of | whose differential from homological stage i + 1
to stage i has its component

H;K®I @ k[x](—b) — H;_1K?l ® k[x](—a) induced by the map

D: HiK®l — Hi_1K?1
in N"-degree b that acts on any i-cycle in ZKbI via
-1
D= Y (Pt (T]d" o) (P - dbadly),
AEN(a,b) Jj=1

where di = di* + d*> + ...+ di" acts as the boundary operator,
and \; = ey for some k.



Lattice paths
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Stable ideals

» For a monomial xP, let m(b) be the maximum index of a
nonzero entry of b.
» A monomial ideal / is stable if for every monomial x° € /,
xP—emw)tei ¢ | for all 1 < i < m(b).
> Example: | = (xZ, x1x2, X1X3, X3, X2X3)
» Recall: KP/ = {squarefree 7 | x>~7 € I}
> If eyp) £ 7, then m(b) = m(7) and xP=7 )T € [, so
T+ emp) — & € K®1
» If | is stable, K"/ is a near-cone.



Near-cones

» A simplicial complex A on the vertices {e1,...,e,} is a
near-cone if for every 7 € A such that e, ﬁ T, then
T — ¢ + e, € A for all ¢ X 7. For a near-cone A, define
B(A)={r €A |17+ e, &A}.
> Example:
€4

e
1 e3

B(A) = {e1e2, ere3, €263}
» Proposition [Bjorner-Kalai 88] The faces in B(A) are maximal.



Hedges in near-cones

» Proposition (with Eagon and Miller): In the Koszul complex
KP1I, the set

Sict ={7 | emp) A 7.7 + emp) € K1}

for faces 7 of dimension i — 1 is a stake set of dimension
i — 1, and the set

Ti={r+ €m(b) | 7€ Si-1}

is a shrubbery of dimension /.
> Example: 5o = {e1, e, e3}, T1 = {e1€4, 264, €364}
€4

e
1 e3



Splittings in near-cones
» Proposition (with Eagon and Miller): Let ST; = (S;-1, T;),
where 5;_1 = {T | €m(b) ﬁ T, T+ emp) € Kb/} and
Ti={7+emp) | 7 € Si—1}. Then

(—1)|T‘(T + em(b)) if m(T) < m(b)

dér (1) = and 7 + ey € K2/
0 otherwise.
> Example: d;—,—l(el) = —e1é4, d;—,—l(e4) =0
€4
€1 e



A canonical basis for homology

» The hedge splitting d;_T,- gives a canonical basis for
Hi_1(K"I;k) (computed via the projection | — dd™ — d*d).
» For each admissible symbol e(o, u) such that o + u = b, the
basis element is (—1)I?lo + >_; 67j, the boundary of the face
(O’ + em(b))-
> Example: e;ey corresponds to the admissible symbol
e(e1e2, e3e4) and the canonical basis element
€16 — €164 + €64
€4

e
1 e3



Concordance with the Eliahou—Kervaire resolution

» An admissible symbol is of the form e(o, u), where u is a
generator of | and m(o) < m(u).

» The Eliahou—Kervaire resolution [Eliahou-Kervaire 1990] for
stable ideals has free modules Fg, which are k[x]-modules
generated by the admissible symbols e(o, u) with |o| = g.

» The differential d : F; — F4_1 is given by
q
d(e(o,u)) = > xi(=1)"e(or,u) = > (=1)"yre(or, ur).
r=1 reA(o;u)

» When computing the sylvan differential, the only lattice paths
that give nonzero coefficients in the image are all lattice paths
of length one that move back in the direction of faces of ¢ and
lattice paths (by,...,b1,bg = b) where b;_; —b; = m(b;_1).

» Computing the maps along these lattice paths shows
concordance with the Eliahou—Kervaire resolution.
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